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Applying Real Options to the Valuation of
Industrial R&D Projects – A Comparative Case Study
Janne Gustafsson and Ahti Salo
Systems Analysis Laboratory
Helsinki University of Technology
P.O. Box 1100, 02015 HUT, Finland
Abstract: We report experiences on the applicability of real options to the valuation of industrial R&D projects, based on a multi-client project in which real options
and three other approaches were explored in six case studies at major enterprises in
Finland. In these case studies, uncertainties and technological discontinuities related to the projects made it impractical to use continuous stochastic processes for
modelling purposes. In contrast, traditional approaches (i.e., decision trees, scenario-based net present value) were found helpful both in problem structuring and
in illustrating uncertainties and associated options. We conjecture that these approaches may be better suited to the valuation of industrial R&D projects than real
options modelling, especially if the value of the project’s results cannot be linked to
market information.
Keywords: Real options, decision analysis, financial modelling.
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Abstract
Today’s business environment is rife with challenges – ranging from global
competition to fast changing technology to volatility in the financial markets – that
have major impact on the survival of an organization. Driven by uncertainty and
chaos in business environment, now the clear imperative is greater focus on
enhancing the flexibility by building in options in real situations.
Traditional decision making approaches like NPV and Decision Trees have limitation
as far as valuing flexibility is concerned. However, thanks to pioneer work by Black,
Scholes, option pricing theory has come to rescue of finance managers. Real option
valuation is important in situations of high uncertainty where management can respond
flexibly to the new information and where project value without flexibility is near
breakeven. Real option valuation not only captures all situations but also the flexibility
the management has in reacting to such situations.
By ignoring the option value, management may ignore genuine investment
opportunities just because they were undervalued. In the world of cut-throat
competition, this thought is frightening and is a threat to survival.
The paper attempts to highlight some areas where flexibility is at work and methods to
value flexibility with case studies to make the concepts more comprehensible.
Keywords: flexibility, options, valuation, models, net present value, decision tree
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1.0 Introduction
Today’s business environment is rife with challenges – ranging from global competition
to fast changing technology to volatility in the financial markets – that have major
impact on the survival of an organization.
In the business environment today, following forces are at work:
• Protectionism is out and competition is in
1990s have shown Indian Business an exit door to protectionist policy of the government.
There has been a marked shift in policy and the tilt is clearly towards competition.
Global companies and their products have entered the Indian markets and the playing
field is much more level than before. The competition is not only in prices but also in
technology and the margins are on a decline.
• Information Technology revolution has set in
Information Technology has accelerated the pace of change. Information is much more
widely available and at an ever decreasing cost. Competitive advantage now lies not
in assembling of information, but rather in using it for decisions.
• Volatility rules
The financial markets worldwide have been very volatile; India is no exception. The
exchange rates and interest rates have been volatile. Many new financial products
have been and are being launched.
All these forces have spelt two things for sure for corporates:
9 One, uncertainty is very high, changes are fast and there is a need for a flexible
enterprise. There is a need to be flexible, agile and responsive in all functions of a
corporate. The decisions have to be such that they leave managers with more
options to take care of uncertain future.
9 Second, the shareholder value is at risk. There is a need to manage value and
develop a value based management framework. Management should assess the
shareholder value creation in whatever the company does. Flexible approach may
help in the process.
If we see both the imperatives listed above in conjunction, then it throws up an
interesting question, “How much is flexibility worth?” Or in other words, “How much
does it cost to retain flexibility?”
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value flexibility with case studies to make the concepts more comprehensible.

2.0 Flexibility at Work: The Real Options
Two strategies can be used for dealing with uncertainty: (1) Anticipation (2) Resilience
[1]. If risks can be anticipated because they are predictable, then the most effective
and least costly approach is often to construct a specialized and relatively inflexible
system that works best in the anticipated environment. Alternatively, if risks cannot be
anticipated, a resilient system with a great deal of flexibility becomes the best approach.
In a resilient system, flexibility in a corporate can be classified as follows:
9 Asset side flexibility
9 Liability side flexibility

Asset side flexibility comprises of different type of options available on assets (also
known as real options). These can be of following types:
¾ Growth options : These include options of scaling up, switching up or scoping up a
project.

For example, management may choose to build production capacity in

excess of expected level of output so that it can produce at a higher rate if the
product is more successful than was originally anticipated. Because expansion
gives management the right, but not the obligation, to make additional follow on
investment, a project that can be expanded is much more worth than same project
without the flexibility to expand.
¾ Deferral/ Learning Options.

These include options to delay investment until

more information or skill is acquired. Such options could be natural resource
development (coal mining/ oil exploration etc.) and pharmaceutical R&D. For
example, the owner of exploration rights of an undeveloped oil reserve can defer
the development process until the oil prices rise. In other words, the managerial
option implicit in holding an undeveloped reserve is in fact a deferral option.
Because, the deferral investment option gives management a right, but not
obligation, to make investment to develop the property, a project that can be
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development.
¾ Disinvestment/ Shrink/ Abandonment Options. These include options to scale
down/ switch down or scope down a project. For example, option to abandon an
open pit coal mine sets a lower bound on the value of project. A project that can
be liquidated is worth more than the same project without the possibility of
abandonment.

Liability side flexibility vests in the form of options on account of convertible debt/
warrants/ debentures with call options. These directly impact the cost of capital of the
company. For example, a financial institution borrows long term and lends short term.
In a falling interest rate scenario, such company would be locked in with higher cost of
funds and would have deployed such funds at a lower rate leading to losses. In such
scenario, imagine, if this company had included a call option in instruments issued at
the time of borrowing. In doing so, though it would have incurred a little extra cost but
would have saved itself of the current imbroglio.
The real options discussed above take care of uncertainty surrounding technology,
market acceptance, prices etc. Options revolving around multiple sources of uncertainty
are called rainbow options [2].
The real options could be one at a time or more than one at a time (referred to as
compound options [2] such as pharmaceutical R&D projects will have an option to
commercialize the product and another option to engage in subsequent R&D work to
develop future generation of related products.).
Such options create value, that is, cost of option is lesser than the benefit it provides.

3.0 Traditional Decision Making Approaches
Managers use variety of techniques to evaluate investments under uncertainty. Some of
these techniques are: (1) Net present value (NPV) (2) Internal rate of return (IRR) (3)
Earnings growth (4) Decision Tree Analysis (DTA) (5) Economic Profit.
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NPV, IRR and DTA. Earnings growth and Economic Profit being accounting based
measures are the least used.
Within DCF techniques, NPV has certain superiority over IRR on account of various
reasons [7]. This leaves us with NPV and DTA practically.

3.1 Net Present Value and Flexibility
In traditional NPV analysis, future cashflows are forecasted, discounted at a risk-adjusted
rate and current investment cost is subtracted to estimate net present value of the
project. Projects with positive NPV are said to create value and are accepted; negative
NPV projects are not accepted.
Let us take an example, Pharmaceutical R&D projects are carried out in stages and
further investments are done considering the feasibility of the project at the future
date. In case state of nature is bad, the project is abandoned. In traditional NPV
analysis, such options at a later date to abandon or defer are not considered. Hence
it overlooks management’s flexibility to alter the course of project in response to
changing market conditions. In other words, traditional NPV analysis assumes that
companies hold investments passively. However, decisions on investments are dynamic
(vary with time) and a function of various factors such as market conditions.

3.2 Decision Tree Analysis and Flexibility
In another example, say, project requiring investment of Rs 65 mn has payoff of Rs 120
mn in good state of nature and Rs 30 mn in bad state of nature respectively with equal
likelihood of happening.

120

-65.0
60.0
(5.0)

30

Say, project has opportunity cost of capital as 25%(found by a comparable security
with similar payoff over one year-diagrammed below). This cost takes care of the risks
embedded in the payoff.
March 07, 2002
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Price, t=1
20

10
5
The NPV of the project is calculated as follows: NPV = -65 + 0.5 {(120 + 30)/1.25}
= -65 + 75/1.25
= -5.0
Using DTA, the NPV of the project is Rs –5.0 mn and hence not acceptable.
Now, let us complicate the situation. Assume the company has option to wait for one
year (one-year risk-free rate as 6%) and invest only if good state of nature takes place.
In alternative case, the license expires. This will dramatically alter the payoffs. The
point to note is that investment is required only if the good state of nature takes place,
in other words, the cash outflow takes place in period 1. The future value of cash
outflow would be Rs 65.0 *(1.06) mn. We can calculate the value created in period 1
which will be either 0 (bad state of nature and no investment will be made) or 120 –
65*(1.06)=Rs 51.1 mn (good state of nature)

120 – 65*(1.06)=51.1
-65.0 *(1.06)
0
Now, we can’t apply the same discount rate as applied earlier as the payoffs have
completely changed or in other words, the risk character has completely changed.
If same rate as earlier is applied, the NPV using DTA would be:
= (0.5*51.1 + 0.5*0)/1.25
= Rs 20.44 mn
This shows that DTA does capture flexibility but is unable to establish a proper
risk-adjusted discount rate. Next section on option pricing methods explains how
option-pricing methods include both flexibility as well as a proper risk adjusted discount
rate.
March 07, 2002
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4.0 Option Pricing Theory
4.1 What is an option?
An option provides the holder with the right to buy or sell a specified quantity of an
underlying asset at a fixed price (strike price) on or before the expiration date of the
option. Since it is a right and not an obligation, the holder can choose not to exercise
the right and allow the option to expire. There are two types of options: call options and
put options.

Call options
A call option gives the buyer of an option the right to buy the underlying asset at a
fixed price at any time prior to or on the expiration date of the option. The buyer pays
a price (also known as premium) for this right.

Put options
A put option gives the buyer of an option the right to sell the underlying asset at a
fixed price at any time prior to or on the expiration date of the option. The buyer pays
a price for this right.

4.2 Determinants of Option Value
Following table clearly brings out the effect of various variables that determine the
value of an option.
Value of

Value of

Call option

Put option

1. Current value of underlying asset (+)

(+)

(-)

2. Volatility in the value of underlying asset (+)

(+)

(+)

3. Dividends paid on the underlying asset(+)

(-)

(+)

4. Strike price of option(+)

(-)

(+)

5. Time to expiration of option(+)

(+)

(+)

6. Risk-less interest rate corresponding to the life of

(+)

(-)

S.No.

Variables

option(+)

4.3 Option Pricing Models
Option pricing theory has made vast strides since 1972, when Black and Scholes [8]
published their path breaking paper providing a model for valuing European options.
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remarkably well when tested against actual prices.
The idea at work in option pricing is that risk-free arbitrage is not possible. Put simply,
no arbitrage means that securities with exactly same risk return profiles should be
identically priced. If you can describe the payoffs on one risky security and then a
build a portfolio of other securities with exactly the same payoff, the price of both must
be the same. If the prices were not identical, arbitrage could be possible. Here we
shall restrict ourselves to binomial and black-scholes model only.

4.3.1 Binomial One Step Model
Law of one price
The price can move to two possible prices. Let us consider the example in section
3.2 equivalent to a call option. Assume a security, which has identical payoff as the
asset underlying real option. The security is diagrammed below:
Price

Call Value

Price
20

51.1

5

0.0

-10

Creating a replicating portfolio by combination of the security and risk-free lending/
borrowing to create same cashflows as option being valued.
Let
S – Current price of security,
Δ - no. of units of security,
B - risk-free borrowing,
r – risk-free rate of return,
t – time period of option.
Matching payoffs in two states of nature:
20 Δ -- B e rt = 51.1

…..

(1)

5 Δ -- B e rt = 0.0

…..

(2)

Solving (1) and (2) we get
B= 16.0414
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The cost of portfolio today is
=SΔ - B
= 10*3.4067 – 16.0414
= 18.03
The value of the option should be equal to cost of setting up of portfolio otherwise
arbitrage will apply. Hence the cost of license should be Rs 18.03 mn. Now, compare
this with the value obtained from DTA. Clearly, DTA overvalued the investment because
it could not correctly apply the risk-adjusted discount rate.
In a multi-period binomial process, the valuation has to proceed iteratively starting with
the last time period and moving backwards in time until current point in time. The portfolio
replicating the options are created at every step and valued, providing the value for the
option in that time period. The final output from the binomial option-pricing model is
that value of the options that can be stated in terms of replicating portfolio composed
of Δ units of underlying asset and risk-free borrowing / lending.

Setting up a risk-less portfolio
Consider a portfolio consisting of a long position in Δ units of security and a short
position in one call option (award of license).
Δ units are such that they along with one option make the portfolio riskless
whichever way the price of security moves, the portfolio value remains the same.
Call Value
20

51.1

5

0.0

-10

That is,
Value of portfolio in good state of nature = Value of portfolio in bad state of nature
20 Δ - 51.1 = 5 Δ -0
or Δ = 3.4067
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Long 3.4067 units and short one option.
Value of portfolio in favorable state of nature:
=20 * 3.4067 –51.1 = 17.03
Value of portfolio in unfavorable state of nature:
=5*3.4067 = 17.03
Regardless of the state of nature, value of the portfolio is always Rs 17.03 mn at the
end of life of option.
Riskless portfolio must, in absence of arbitrage opportunities, earn risk-free rate of
interest. It follows that value of portfolio today must be the present value of 17.03 or
17.03 e -.06 (where r =0.06, t=1)
The current value of security is 10. Suppose that option price is ‘f’. The value of
portfolio, today, is therefore,
3.4067*10 – f = 17.03 e -.06
f=18.03
This shows that in absence of arbitrage opportunities, the current value of the option must
be Rs 18.03 mn. If the value of option were more than the portfolio would cost less than
17.03 e

-.06

to set up and would earn more than the risk-free rate. If the value of option

were less than Rs 18.03 mn shorting the portfolio would provide a way of borrowing
money at less than risk-free rate.

Risk Neutral Valuation
This principle states that we can with complete impunity assume that the world is risk
neutral when pricing options and other derivatives. In such a world, investors require
no compensation for risk and expected return on all securities is risk free interest
rate.
Assuming, p, as probability of occurrence of favorable state of nature. As per this, 20p +
5(1-p) =10 e0.06
p=0.3746
At the end of one period, the call option has p probability of being worth 51.1 and 1-p
probability of being worth 0. Its expected value is therefore,
=0.3746*51.1
=19.14
March 07, 2002

19

11

Proceedings of the International Real Option Workshop 2002, Turku, Finland

Arvind Girotra
Valuing Flexibility
---------------------------------------------------------------------------------------------------------------------Discounting at risk free rate of interest, value of option today is,
=19.14 e –0.06
=18.03
This is same as obtained earlier with no arbitrage argument. Hence, prices we get are
correct not just in a risk neutral world but in other worlds as well [3].

4.3.2 Black-Scholes Model
The binomial model is a discrete time model for asset price movements, with a time interval
(t) between price movements. As the time interval is shortened, the limiting distribution,
as t approaches 0, can take one of two forms.
(a) If price changes become smaller, as t approaches 0, the limiting distribution is the
normal distribution and price process is a continuous one.
(b) If price change remains large, as t approaches 0, the limiting distribution is the
Poisson distribution, that is, a distribution which allows for price jumps.
The black-scholes model applies when the limiting distribution is the normal
distribution.

Assumptions of the Model (for non-dividend paying asset)
¾ The log of return on underlying asset is normally distributed over time.
¾ The price of underlying asset follows the weiner process. The weiner process is
akin to the brownian motion in physics. The change in variable is normally
distributed and function of drift rate and variance rate.(for detailed explanation see
Chapter 10 of ‘Futures, Options and other derivatives’ by J.C.Hull).
¾ The short selling of underlying asset with full use of proceeds is permitted.
¾ There are no transaction costs or taxes.
¾ There are no dividends during the life of option.
¾ There are no risk-less arbitrage opportunities.
¾ Asset trading is continuous.
¾ The risk-free rate of interest is constant.

The Model
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following variables:
S= Current value of underlying asset
K= Strike price of option
t= Time to expiration of the option.
r = Risk-less interest rate corresponding to the life of option.
σ2 = Variance in the ln(returns) on the underlying asset.
The model itself can be written as : Value of the call, C = S N(d1) – K e -rt N(d2) d1 =
(ln(S/K) + (r + σ2/2)*t)/(σ*t1/2)
d2 = d1 - σ*t1/2
Long term options (with constant yield, y)
C = S e -ytN(d1) – K e -rt N(d2)
d1 = (ln(S/K) + (r – y + σ2/2)*t)/(σ*t1/2)
d2 = d1 - σ*t1/2

5.0 Application of Black-Scholes Model to Value Real Options
5.1 Case Study: Valuing Natural Resource Investments as Options
The Framework
In a natural resource investment, the underlying asset is the resource and value of
the asset is based upon two variables: quantity of resource that is available in the
investment and the price of the resource. In such investments, there is a cost
associated with developing the resource and the difference between the value extracted
and the cost of development is the profit to owner of the resource.
Say, cost of development is K, and the estimated value of the resource is S, then
payoff on natural resource investment will be:
=S–K

if S>K

=0

if S<= K
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option.

The Case
Company ABC Limited has been in the business of oil exploration for last few
decades. ABC wants to bid for the rights to exploit an oil property ‘Panna’ for next
twenty-five years. ABC earlier got a study conducted on the oil field by two
well-known teams of geologists and the estimated oil reserves are 100 mn barrels of
oil. Taking past experiences of exploration in similar oil fields, the management is
expecting the present value of development cost to be around Rs 600 per barrel.
Also the development lag is estimated to be one year. Once developed, the net
production revenue each year will be 4% of the value of the reserves.
After analyzing the past trends and forecasts, the operations and marketing team
expects marginal present value (price-marginal cost) per barrel of oil to be around Rs
600 as well. The risk less rate is 10%.
Current value of asset: marginal present value X no of barrels/ ((1 + dividend
yield)^(lag period for development))
=Rs 600 x 100 mn/1.04
= Rs 57962.3 mn
(value of the developed reserve discounted back the development lag period at
dividend yield, 4%)
Present Value of development cost: 600 x 100 =Rs 60000 mn
This meant a clear no to going ahead on exploration of oil field.
However, the top management was of the opinion that variability in the oil prices
(whenever the price of oil rises, the company could go ahead with the exploration and
make profits) made a case for some value for the rights. What could be the value?
Keeping variability of available reserves of oil and variability in oil prices as key factors,
the variance in ln(oil price) was estimated at 0.05. Then, Black-Scholes model was
applied to arrive at the value of the rights (value of call):
S = Rs 57962.3 mn
K = Rs 60000 mn
r = 0.10
y =0.04
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σ2 = 0.05
d1= 1.87

N(d1)= 0.9693

d2= 0.752

N(d2)= 0.7740

Value of the call: Rs 16856.5 mn
We can see that the oil reserve not viable at current prices, still is a valuable property
because of its potential to create value if the oil prices go up.

5.2 Case Study: Valuing Product Patents as Options
The Framework
A product patent provides the firm with the right to develop the product and market it. It
will do so only if the present value of the expected cash flows from the product sales
exceed the cost of development. If this does not occur, the firm can shelve the patent
and not incur any further costs.
Say, the present value of costs of developing a product is K, and present value of
expected cashflows from development is S, then the payoff from owning a product
patent will be:
=S – K

if S>k

=0

if S<=K

The Case
Pure Pharmaceuticals has the patent rights, for next twenty five years, to a product
which is a potential cure for AIDS(All Immune Deficiency Syndrome). The initial
investment to develop the product is estimated to be around Rs 20 bn.
Considering the most probable scenario, the present value of expected cash inflows is
Rs 16 bn. Hence, at current levels, the patent seemed to have no value.
For the following reasons, the management thought that patent could become a
valuable project at a future date:
1.

Variance in the expected cash inflows leading to scenarios where prices may
move up.

2.

Positive development in the competitive environment.

3.

Better marketing synergies.

4.

Technological changes that bring the cost and development time down.
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value?
With the above factors as key variables, the variance in present value of cash inflows
was estimated at 0.05. Risk less rate is 10%.
Then, Black-Scholes model was applied to arrive at the value of the patent (value of
call):
S = Rs 16 bn
K = Rs 20
r = 0.10
y =0.04, Percentage of patent value derived realized in one year
t = 25 years
σ2 = 0.05 d1= 1.701
N(d1)= 0.9555
d2= 0.583

N(d2)= 0.72

Value of the patent/ call: Rs 4.44 bn
We can see that the patent not viable at current prices, still is a valuable product
when viewed as option because of its potential to create value in favorable state of
nature.

6.0 Limitations of Black-Scholes Model
Following are the limitations of the Black-Scholes model when applied to real options
[4]:
¾ Real options are not traded and hence arbitrage argument does not hold true. For
example, product patents are not actively traded and hence suffer from this
limitation.
¾ The price of the real asset may not follow a continuous process. One solution is to
use models, which allow for price jumps.
¾ The assumption of a known variance and it being constant over the life of option
may not hold in long term real options. Estimating variance is difficult in real
options.
¾ Liability side options are not taken care of.
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order of the day in today’s scenario. With the kind of uncertainty prevailing, the liabilities
issued by the company have embedded options. A non-exhaustive list includes equity
of leveraged company, warrants, callable or convertible debt and preferred stock,
variable rate loans with caps or floors, guaranteed lines of credit, operating leases
and executive stock options. These securities provide flexibility in the hands of the
company management in coping up with stress scenarios and save the organization
from the low probable high loss. This flexibility comes at a cost and directly impacts
the cost of capital [1].
Black-Scholes Model, which worked quite well in valuing real options of asset side
has limitations when applied to real liability side options. The issues, which limit the
applicability of Black-Scholes model in valuing long term interest rate options, are
[5]:
1. Assumption that the interest rate is constant leads to bias when valuing long term
options on long term bonds.
2. The second problem is that the price of the bond will not be lognormally
distributed, because it is forced to par value at the bonds’ maturity.
3. If the bond is tied to a price of par at maturity, then volatility of its price must fall as it
matures. In Black-Scholes model, volatility is assumed to be constant.
These problems can be overcome by using bonds’ forward price and the relevant
volatility of that forward price. This in turn would require further assumptions on yield
and volatility.
The more sophisticated models work on rate as the state variable rather than the price
of bond talked hitherto. If a bond has no risk of default, then its price is uniquely
determined by the spot rates of interest. Once these rates are known, any bonds’ price
can be calculated.
The pattern of spot rates at any point in time is known as term structure of interest
rates. Various models have been proposed such as one factor and two factor models.
One-factor models assume short-term interest rates as the only source of uncertainty,
however, two factor models assume both short term and long term interest rates as
source of uncertainty.
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---------------------------------------------------------------------------------------------------------------------Two factor models are quite complex and are not pursued here. Some of the one
factor models that use binomial /trinomial tree to model interest rates are
Ho-Lee(1986), Heath etal (1988, 1989), Hull-White(1990) etc. Black-Derman-Toy(BDT)
which is among the simpler of these models is presented here. Next section details
how BDT creates a term structure of interest rates using binomial tree and then
derive the value of embedded option.

7.0 The Black-Derman-Toy Model
Features
9 Short-term interest rates are lognormally distributed. That is, the log of returns on
short term rates are normally distributed.
One period Rate Tree (t=1, volatility=σ)
ru
r
rd

Ln (ru/r) = σ

…. (a)

Ln(r/ rd) = σ

…. (b)

Combining (a) and (b), we get
ru / rd

= e 2σ

….

(1)

This ensures a decreasing rate of depreciation in the lower part of the tree as
compared to the upper part and negative interest rates will not occur.
9 The volatility of interest rate depends upon the term and is different for each
term.
9 The inputs to the model are today’s zero coupon yields (spot rates) for various
maturities and the respective todays’ volatility.
9 Using equations, the forward rates are calculated. We have already seen the
relationship between rates and volatility. Second relationship is derived by allowing
the bond price to converge. Say, the market price of 2 year bond is M.
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ru
r

100

Su
ru

M

100

rd
r

Sd
rd

100

(0.5* Su + 0.5* Sd)/(1+r) = M

….

(2)

Su=100/(1+ ru )

….

(3)

….

(4)

S d= 1 0 0 / ( 1 + r d )

Solving (1), (2), (3) and (4), we get ru and rd which are second period forward
rates. Taking these as base and moving ahead with same rate tree and price
tree constraints, the forward rates for various periods can be calculated.
9 Once the term structure is evolved, option on the bond can be valued by discounting
the option payoff on various nodes of the tree to the present value. We shall take
a case study to give a clear step by step option valuation using BDT model.

7.1 Case Study: Valuation of Bond with Embedded Call Option
The zero coupon yields and their respective volatility are as under:

Maturity (years)
Zero Coupon Yields(%)
Volatility(%)
1
10
20
2
11
19
3
12
18
4
12.5
17
5
13
16
Following steps listed in appendix-I and moving further, we can evolve the following
term structure of interest rates (bold). Then discounting the prices (starting from
period 5 backwards) from two scenarios at forward rates derives the prices for the
earlier period. Price in period 4 fo forward rate of .2553 will be computed as (0.5*100
+0.5*100)/1.2553=79.66
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Period 2

Period 3

Period 4

Period 5
100

79.66
55.09
242
0.1. 4139
54.27
0.10

5 8 . 8 8
6 7 . 0 8
0.1. 31776 0 6

64.30
0.0979

7 4 . 1 2
0.0. 91761 8 3

6 7 . 0
0 . 2 5
0 . 2 1 7 9
7 3 . 5
0 . 1 9

7
5 3

100
83.69

6
4 8

100
87.06

7 9 . 0 8
0 . 1 4 8 6

100
89.81

8 3 . 6 3
0 . 1 1 3 4
0.0872

100
92.04
0.0865

100
Company XYZ issues a zero coupon bond with a par value of Rs 100. The bond does
not have any options. The company will be able to sell the bond in the market at Rs
54.27. The yield will be 13%. Now, let’s assume that company keeps an option to call
the bonds at the end of third year if the price is greater than Rs75 in which case it
would be profitable for the company to buyback the bonds and reissue in the falling
rate scenario. This is akin to company buying a call option, which has been written
by the investor. In scenario, where price increases over Rs 75, the profits of investor
will be limited to a price of Rs 75 as the company will call the bond.
The valuation of the callable bond will be as under:
Period 0 Period 1

Period 2

Period 3

Period 4

Period 5
100

79.66
54.31
242
0.1. 4139
52.34
0.10

5 8 . 8 8
0 . 2 1 7 9
6 5 . 2 8
0.1. 31776 0 6

60.85
0.0979

6 7 . 0 7
0 . 2 5 5 3

100
83.69

7 3 . 5 6
0 . 1 9 4 8
75.00

6 8 . 3 3
0.0. 91761 8 3

100
87.06
0.1486
100

75.00
0.0872

89.81
0.1134
100
92.04
0.0865
100
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company to the investor. The yield works out to 13.8%.
The yield in case of non callable bond was 13% whilst in callable bond it has
increased to 13.8%( ((100/52.34)^(1/5)-1)*100). thus, we can see that options on
liability side have direct impact on cost of capital of the company.
We can carry out a similar analysis for a bond with discrete coupon payments. In that
case, the cash flow in t year will have to be discounted by t-1 forward rate to arrive at
market price in t-1 year. Moving backwards we can value the bond at t=0.
When the callable bonds have a higher cost of capital, the question arises as to why
such bonds are issued/ As has been explained earlier, such options provide flexibility to
the organization in reacting to situations which could not be foreseen. An example in
Indian context is the issuance of long term bonds by financial institutions (FIs) in high
interest rate scenario. This led to FIs getting locked in with high cost funds however
assets in the meantime repriced to lower interest rates as rates fell over time resulting
in heavy erosion of the bottomline. The FIs, which issued callable bonds, saved their
skin, thanks to the flexibility they had built in.

8.0 Conclusion
Driven by uncertainty and chaos in business environment, now the clear imperative is
greater focus on enhancing the flexibility by building in options in real situations.
Traditional decision making approaches like NPV and Decision Trees have limitation
as far as valuing flexibility is concerned. NPV does not capture the mechanics of
flexibility and decision tree methodology gives no guidance on how to choose discount
rates or adjust it for risk or leverage.

Key Criteria for decision-making tools [6] Method / Tool

Real Options Value
NPV/DCF
Decision Tree
Economic Profit
Earnings Growth

Cash Flow
based
√
√
√
Χ
Χ

Risk Adjusted
√
√
Χ
√
Χ

Multi Period
√
√
√
Χ
Χ

Capture
Flexibility
√
Χ
√
Χ
Χ

Real option valuation is important in situations of high uncertainty where
management can respond flexibly to the new information and where project
value
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---------------------------------------------------------------------------------------------------------------------without flexibility is near breakeven. Real option valuation not only captures all situations
but also the flexibility the management has in reacting to such situations. We have
discussed various models for valuing real options in this paper. The intention is to make
the underlying concept vivid. At this time, it is important to note that use of complex
models like Black-Scholes and others should be preceded by an understanding of
underlying assumptions and their validity in case context.
By ignoring the option value, management may ignore genuine investment opportunities
just because they were undervalued. In the world of cut-throat competition, this
thought is frightening and is a threat to survival. We have seen that option valuation
is important not only to the asset side but also to the liability side of company.
The greater issue is to consider the value of options. We may begin by being little less
correct but at least a beginning should be made.
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Appendix-1 Relations to Evolve Term Structure
Step-I
Period 0

Period 1

Period 2
100

87.47
0.1432
81.16
0.10

100
91.08
0.0979
100

Relation 1
Relation 2
Relation 3
Relation 4

Relation 5

81.16=(0.5Su+0.5Sd)/1.10
0.5Log(ru/rd)=0.19
Su=100/(1+ru)
Sd=100/1+rd)
Substituting Relation 3 and Relation 4 in Relation 1
81.16*1.10=0.5(100/(1+ru))+0.5(100(1+rd))

Solving Relation 2 and Relation 5
ru
0.1432
rd
0.0979
Su
87.47
Sd
91.08
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Step II
Period 0

Period 1

Period 2

Period 3
100

83.73
0.1942

75.06
0.1432

100

71.178
0.10

87.89
0.1377

81.54
0.0976

100
91.10
0.0976
100

Relation 1
Relation 2
Relation 3
Relation 4
Relation 5
Relation 6
Relation 7
Relation 8

71.178=(0.5Su+0.5Sd)/1.10
0.5log(ruu/rud)=0.18
rdd=rud^2/ruu
Suu=100/(1+ruu)
Sud=100/(1+rud)
Sdd=100/(1+rdd)
Su=(0.5Suu+0.5Sud)/(1+ru)
Sd=(0.5Sud+. 05Sdd)/(1+rd)

ruu
rud
rdd
Suu
Sud
Sdd

0.1942
0.1377
0.0976
83.73
87.89
91.1
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Abstract
A multi-stage stochastic optimization model is presented to aid valuation of real as
well as nancial options. An option is specied by a compact set of alternative cash
ow streams over the scenario tree of the stochastic program. The allowable choices
in the model are specied by the set of option cash ows as well as by investments in
competing assets, such as publicly traded nancial instruments. Given preferences of
the investor, the model determines simultaneously an optimal strategy for utilizing the
option as well as an optimal investment strategy for competing assets. As suggested
by Nau and McCardle, option value is determined as the buying price, the maximum
price which the investor is willing to pay for the option. Such value is consistent with
arbitrage theory of nancial derivatives. If certain restrictions apply on preferences of
the investor, then the option valuation results from computations of dynamic programming recursions.

Keywords: stochastic programming, real options, portfolio optimization
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1. Introduction

Consider an investor planning to set up a new business or to expand its existing businesses. For example, a company may face a choice and timing of investments in a
given set of potential technologies with uncertain prices of variable inputs and nal
outputs. To evaluate investment alternatives as real options we consider simultaneously investments in competing assets. For example, we may consider investments in
a risk free asset and in stock market. Our valuation principle for such real options is
based on buying price analysis, which originates from works by Nau and McCardle 6
and by Smith and Nau 9 for exposition see also Luenberger 4. We present some
new results as well as their relationship to existing ones in 6 and 9. For alternative
approaches for real option valuation, see for instance, Copeland and Antikarov 2,
Dixit and Pindyck 3 and Trigeorgis 10.

2. General option valuation
In this section we develop an option valuation procedure based on stochastic optimization. For this purpose, we begin by formulating a suitable optimization model. Thereafter we study properties for such models, and show that valuation based on buying
price analysis is consistent with risk neutral valuation. General valuation procedures
are discussed at the end on this section.
We employ a discrete time approach, where periods are dened by times =
01
. Hence, the time horizon is subdivided into periods. An index
0
also refers to a period between time 1 and . The duration in years between and
1 may depend on .
Uncertainty in our analysis may concern, for example, market prices of inputs and
outputs of potential technologies in consideration as well as stock market prices of
competing assets. Realizations of uncertainties over time are depicted by a scenario
tree. Let denote a node of the scenario tree with = 0 referring to the root. Let
denote the predecessor of node , for 6= 0, and let be the set of terminal nodes.
Node appears at time 2 f0 1 2
g. For the root, 0 = 0, and for terminal
nodes 2 , = . For 6= 0, we assume =
1 for the predecessor node .
For 62 , let denote the set of successor nodes of . Hence, for all 2 , we have
= . The probability of attaining node is with
0, for all .
A real option species a set of possible actions, such as technological investment
and production strategy, for instance. A choice of actions yields a cash ow , for all
. We denote the stochastic cash ow by =   and dene a real option by a set
of feasible choices . A charge denoted by for such option is applied at time = 0.
We aim to determine an option value as the maximum price the rm is willing to
pay for the option.
Assumption A0. The set is nonempty, closed and bounded.
Consider nitely many nancial instruments including a risk free asset. For all such
assets, let 0 denote the vector of gross returns from time 0 to time . For the risk
0 , let
free asset, gross return 0 is a component of 0 . For times and 0 with
0 = 0 0 0 be the risk free forward return from time to 0 . For 6= 0, the
t
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risk free return in period is = k k . Similarly in period , the vector of gross
returns is denoted by , the realization observed at node .
Let vector denote monetary amounts invested in nancial assets at node so that
the investment expenditure at node is
, where = 1 1
1. Let =  
denote the nancial investment strategy containing a subvector for all with = 0,
for terminal nodes 2 . Transaction costs are excluded from consideration.
There is a private exogenous cash ow , for each node . For = 0, 0 is the
initial cash. Such cash ows may relate, for instance, to capacity existing before
time = 0. For each node , we dene an endogenous cash ow , to be paid at node
. We call dividend although other interpretations are possible. For instance, if
is negative, it may be interpreted as an increase in equity capital. In other cases it may
be interpreted as consumption or wealth at the end of the horizon. For simplicity, taxes
are not considered in our model. The rm is a risk-averse expected utility maximizer
7. For practical purposes, we assume a separable utility function as follows:
Assumption
The utility function is separable, given by  0 1
 =
P  . Let A1.
  f0 1
g such that 2 . For all 2 , assume   2
1 +1,   0 and   0, for all , with lim t
  = 1. For all
0.
62 , dene   = 0, for  0, and   = 1, for
Hence, in some valuation cases we may account for in some periods only, for instance,
if the utility only depends on , terminal wealth. Terminal dividend wealth always
counts. Furthermore, if 2 , then is strictly increasing and concave such that
marginal utility increases without limit as decreases.
The notation is summarized as follows:
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Given any and =  , consider the problem of nding strategies for nancial
investments =   and dividends =   to
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2.2
2.3
0+ 0 = 0+ 0
=0 8 2
2.4
We assume no arbitrage opportunities exist in the scenario tree. Formally, this is
stated as follows
T

e

sk

S

T

k

e

sk

T

s

dk

d

fk

ck

f

sk

c

k

2
37

k

V

K

Proceedings of the International Real Option Workshop 2002, Turku, Finland

Assumption A2. For any s = sk  and d = dk , such that sk = 0, for k 2 K ,
dk = SkT sk  eT sk , for k 6= 0, and d0 = eT s0, d  0 implies d = 0.
If A2 holds, then return vectors Sk are nonnegative, for all k, Furthermore, A2 with
Stiemke's theorem of the alternative 5 implies, that for all k , there exist node prices
yk  0 such that
X
2.5
yk e = yj Sj
0

0

j 2Jk

for k 62 K . Given a risk free asset exists, equivalently with the latter statement, there
are risk neutral probabilities qj  0, for all j 2 Jk , such that

Re =

XqS

j 2Kk

2.6

j j

where R is the risk free return over the period immediately succeeding node k. Finally,
s and d in A2 constitute a homogenous solution for 2.2-2.4, for which d 6= 0 implies
dk  0, for some k.

Lemma 1. For problem 2.1-2.4, assuming A0 - A2,

i an optimal solution exists,
ii optimal multipliers  = k  and 0 for 2.2 and 2.3, respectively, exist and
they are strictly positive
iii the optimal objective function value uV f  is concave in f and V , strictly
increasing in f and strictly decreasing in V furthermore, 0   is a subgradient of
uV f  at V f 
iv for any V , an optimal solution f^ = f^V  2 F exists for the problem

max
uV f 
f F

2.7

2

The optimal value u^V  = uV f^V  is strictly decreasing and continuous in V , and

lim u^V   u0 0  V lim u^V :

V !+1

2.8

!1

Proof: Clearly, the objective function in 2.1 is continuous, and a feasible solution
s = s0 , d = d0 exists for 2.1-2.4 with an objective function value denoted by u0.
Hence, to show i, it suces to to show that the closed and convex set D of feasible
solutions d 2 D for which the objective function value is at least u0, is bounded.
Assume to the contrary, that D is not bounded. Then, for some vector d = kd  6= 0,
d = d0 + d 2 D, for all   0. Furthermore, d together with some vector s = ks 
constitute a homogenous solution for 2.2-2.4. Hence, A2 implies kd  0, for some k.
Denote the objective function value along the ray by u. Assumption
A1 implies that
P
d
tk 62  and u is concave in . The derivative is u  = k k k utk dk . Letting
 ! 1, then by A1, utk remains bounded if kd  0, and it approaches 1, if kd  0.
Hence, kd  0, for some k, implies lim u  = 1, and u decreases without
limit as  increases so that for large enough , d 62 D. This is a contradiction,
wherefore D is bounded. Hence, i follows, and we denote the optimal objective
function value by uV f .
0

0

0

0

!1

Given i and A1, existence of optimal multipliers follows from Theorem 28.2 by
Rockafellar 8 . We show the rest of ii by induction. Because T 2 , optimality
3
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conditions for d imply  =  u  0, for all terminal nodes k 2 K . Next, consider
any node k, suchPthat   0, for all successor nodes j 2 J . Optimality conditions for
s require  e =
k  S , which together with A2 and 2.5 implies   0.
Assertion iii follows directly from ii and standard theory of convex optimization
see Rockafellar 8 .
For assertion iv , it follows from A0 and iii that an optimal solution f^ 2 F for
2.7 exists. Next, let V1  V2, with optimal choices f1 = f^V1 and f2 = f^V2 .
Suppose u^V1  u^V2 Then u^V1  uV2 f2  uV1 f2 , which is a contradiction.
Hence, u^V is strictly decreasing in V .
We now show continuity of u^. First, the epigraph of u^V is closed, because it is
the intersection of epigraphs of uV f which are closed, for all f 2 F . Hence, u^ is
lower semicontinuous. Second, consider the hypograph H of u^V , and a convergent
sequence fu  V g  H with u  V ! u V . Dene f = f^V 2 F . Then u^V =
uV  f  u , for all n. By A0, there is a convergent subsequence f ! f 2 F , and
u
^V  uV  f  u, by continuity of uV f . Hence, H is closed, and u^ is also upper
semicontinuous. Consequently, u^ is continuous.
To prove the right side of 2.8 , we denote by d an optimal dividend with V = 0
and f = 0, and proceed by picking V small enough such that risk free investments alone
provide dividend d  d . Dene  = max d , and for any f 2 F ,  = min f + c .
Then for any node k, risk free investment of   P =R0 from time zero to time t
yields at k a dividend d  d . Hence, for V =     =R0 , we have u0 0 
^V . The right side of 2.8 follows, as u^V is strictly increasing in V .
uV f  u
To show the left side in 2.8 , dene f = f , such that f = max
max f ,
for all k. Then A1 implies uV f  u^V , for all V , and lim + uV f = 1 by
iii . Hence, lim + u^V = 1  u0 0 . 2
We also consider the problem 2.1 -2.4 without the option. Then there is no
cash ow from the real option and there is no option charge. Hence, in this case
f = 0 and V = 0, and the problem represents optimal allocation of exogenous cash
ow c alone. For this problem, we denote the optimal objective function value by
u = u0 0 . We value the option by indierence so that the option charge V = V^ is
such that u^V^ = u . In such a case the charge V^ is the buying price i.e., V^ is the
maximal price the investor is willing to pay for the option. Similarly by indierence,
we may determine the selling price of an option i.e. the minimum price at which one
is willing to sell the option.
Theorem 1. Assuming A0 - A2, there is a unique V^ with an optimal choice f^ =
f^ 2 F for 2.7 , such that
u
^V^ = u . Furthermore, there exist node prices y  0,
P
for all k , such that y e =
y S , for all k 62 K , and
k

k
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j 2Jk

j

j

V^

=

k0

X y f^
k

2.9

k

k

in other words V^ is obtained by risk neutral valuation.

Proof: Lemma 1 iv implies a unique V^ such that u^V^ = u . Furthermore, the
optimum in 2.7 , for V = V^ , is attained with some f^ 2 F .
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For V = V^ and f = f^, denote the optimal multipliers by ^k and ^0, for 2.2 and
2.3, respectively. Similarly, for V = 0 and f = 0, denote the optimal multipliers by
k and 0 . Then u
^V^  = u and Lemma 1 iii imply
X ^ f^ 0
^0 V^
2.10
k k
k

and

 0 V^ +

X f^
k k
k

0

2.11

By Lemma 1 ii, ^k  0, and optimality conditions imply ^k e = Pj2Jk ^j Sj , for all
k 62 K . Hence, y^k = ^k = ^0  0 yield node prices for all k. Similarly, yk = k = 0  0
yield node prices for all k. Hence, dividing inequality 2.10 by ^0 and 2.11 by 0 ,
yields
X y f^ V^ X y^ f^
k k
k k
k

k

Hence, there is a convex combination of yk  and ^yk , denoted by yk , which satis es
2.9. 2
In general, an approach for determining the option value is to employ a stochastic
model for uncertain parameters rst, and to generate the scenario tree thereafter, for
example, by Monte Carlo simulation. Valuation of the option may follow from a search
for V = V^ , for instance, by trial and error, to satisfy u^V^  = u . For computations,
we deal with two cases A and B as follows. In Case A we consider investments in
the real option F and in the nancial assets. In this case, both nancial investments,
dividends and the choice f 2 F are simultaneously optimized, while the cash ow at
the root node is reduced by an option charge V . The resulting problem is given by
2.1-2.4 and 2.7. In Case B we exclude the real option and the option charge so
that the problem is given by 2.1-2.4 with V = 0 and f = 0. In case of indierence,
the optimal objective function values are equal in both cases. Note, that the problems
in Case A and Case B are convex optimization problems, if F is a convex set.
If there is a unique set of node prices yk  0, with y0 = 1 for the root node, satisfying
2.5, then the valuation problem simpli es. In this case the market is complete so that
any cash ow fk  can be replicated employing some investment strategy for nancial
assets. We may then begin by computing
the set of prices yk , with y0 = 1. Thereafter,
P
the value of any f 2 F is given by k yk fk . Hence, we have V^ = maxf 2F Pk yk fk ,
which clearly exists, for F nonempty and compact.

3. Restricted preferences
In this section, we specialize to a case where dynamic programming by Bellman 1
is applicable. First, we discuss the preference restrictions, similar to those employed
by Smith and Nau 9. Thereafter, basic results are presented characterizing solutions
of our option valuation problems. Finally, we discuss several alternatives of applying
dynamic programming. For this aim, in addition to assumption A1 for the utility
function, we consider exponential functions ut as follows.
Assumption A3. In addition to A1, assume for all t 2 , utdt = t expdt=t,
where weight t  0 and risk tolerance t  0.
5
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Employing risk free return R from time t to time t , dene
X  =R
^ =
0

tt0

t0

t

3.1

tt0

0

t t

for t = 0 1 : : :  T . From 3.1 we obtain
^ 1 =  1 + ^ =R 1
3.2
Lemma 2. If A0 - A3 hold, then for the optimal objective function value in 2.7 ,
and for a decrease  in the option charge V , we have
u^V  = u^V exp =^0 :
3.3
Furthermore, an optimal choice f^ 2 F in 2.7 is independent of the option charge V .
Proof: Given an option charge V , by Lemma 1, an optimal solution s^, d^ and f^ exists
for 2.1 -2.7 . With f = f^ in 2.1 -2.4 , denote the optimal multipliers by ^ and ^0 ,
for 2.2 and 2.3 , respectively.
Next, consider the revised problem 2.1 -2.4 with option charge V   and with
f = f^. For this convex optimization problem, a feasible solution is obtained by adjustment in the initial solutions s^ and d^ as follows. For all t P
2 , invest in the risk
free asset at time t = 0 until time t an amount  such that  = . For t 62 ,
dene  = 0. Thereby, dividend d^ is incremented by R0 k  k , for all k. Additionally, for some , we require expR0  = = , for all t 2 . Solving for  yields
 = exp=^0 .
For the resulting feasible solution of the revised problem, the objective function
value is uV f^ . Thereby, in comparison with the original problem, the gradient of
the objective function is multiplied by . Hence, multiplying the optimal multipliers
^ and ^0 by , we end up with a Karush-Kuhn-Tucker point for the revised problem.
Therefore, the optimal objective function value satises
uV   f^ = uV f^ :
3.4
Similarly, for any f 2 F , uV   f = uV f . Hence, f^ is optimal for 2.7 with
option charge V  , and u^V   = u^V . 2
For each node k of the scenario tree, a subtree with root k is dened by all nodes and
arcs from time t = t to T succeeding the node k. In the sequel, Lemma 2 is employed
also for optimization over subtrees of the entire scenario tree. Of course, in place of ^0
we now have ^ in 3.3 . A decrease  in option charge can also be interpreted as an
increase  in the exogenous cash ow at that node. Indeed, we employ Lemma 2 also
to account for such variations in cash ow at the root k of the subtree.
Valuation of the option under A0 - A3 can be based on Lemma 2. To nd the option
value V^ , we solve 2.1 -2.4 and 2.7 rst with option charge V = 0, and obtain an
optimal objective function value u^0 . Then, given the optimal value u = u0 0 , by
indierence and by Lemma 2, we have u = u^V^ = u^0 expV^ =^0 which yields
Theorem 2. If A0 - A3 hold, then the option value is given by
V^ = ^0 log  u =u^0  :
3.5
Similarly, the selling price V , the smallest price at which the rm is willing to
sell the real option, satises uV  0 = u^0 by indierence. Using Lemma 2, this
yields expV =0 u = u^0 so that V = V^ . Hence, under assumptions A0 - A3, the
buying price and selling price are equal.
t
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t t
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3.1 Valuation of a stochastic cash ow
We now develop a dynamic programming recursion for valuation of any single choice
f 2 F . Thereafter, the option value is obtained by optimizing over f 2 F . In this subsection, we begin with a dynamic programming formulation, which employs relatively
simple optimization problems. Thereafter, assuming further restrictions on market, we
discuss dynamic programing, where analytical solutions are available for recursions.
Consider a node k of the scenario tree with tk = t  1 so that the successor nodes
of k appear at time t. Denote risk free return over period t by R. Recall that Jk is the
set of successor nodes j of node k and Sj is the single period return vector for node j .
Let pj = j =k be the conditional probability for node j 2 Jk given k.
Consider the problem 2.1 -2.4 with option charge V = 0. Similarly, for a subtree
with root node k and nodes l in the subtree, consider the problem

max
s.t.

X =
l

l

k

utl dl

+ dl = fl + cl 8 l 6= k
eT sk + dk = fk + ck
sl = 0 8 l 2 K
In the objective function, l =k is the conditional probability for node l, given root node
k of the subtree. Let u^k denote the optimal objective function value of this problem.
eT sl  SlT sl

3.1.1 Valuation by dynamic programming
For terminal nodes we have
u^k

= uT ck + fk

3.6

8 k 2 K:

For other nodes k with tk = t  1  T , we employ leveling in dynamic programming
see Luenberger 4. Let d be the dividend and s the vector of nancial investments at
node k such that eT s + d = fk + ck . Then application of Lemma 2 in each successor
node j 2 Jk and optimization over d and s yields
u^k

= eT s+max
fut 1 d +
d=fk +ck

X p u^ expS s=^ g

j 2Jk

j j

T
j

t

3.7

where d = 0 is optimal, if t  1 62 .
For the case without an option we have f = 0. In this case, denote the optimal
objective function value in 3.6 -3.7 by uk instead of u^k . Then, at the root node
k = 0, using notation of Lemma 1, u^0 = u0 f and u0 = u0 0 . Hence, the option
value V^ is obtained by Theorem 2 as
V^ = ^0 logu0 =u^0 :
3.8

7
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3.1.2 Partially complete market

For further specialization in dynamic programming, we subdivide set Jk into disjoint
subsets Jik , for i 2 Ik , so that Sj = Si for all j 2 Jik . At node k, pi denotes the probability for Si, and given i 2 Ik , the conditional probability for node j 2 Jik is rij so that
pj = pirij . Under assumption
A2, by 2.6 , there are risk neutral probabilities qi  0,
P
i 2 Ik , such that Re = i qiSi , where eT = 1 1 : : : 1 . For dynamic programming recursions, we employ a further assumption concerning completeness of nancial market.
Subsequently, we obtain an auxiliary result, which then yields analytical expressions
for optimal objective function values.
Assumption A4. For all nodes k, risk neutral probabilities qi  0, for i 2 Ik , are
unique.
Lemma 3. Consider a single period starting at node k 62 K . If d is a constant,   0,
hi  0, for all i 2 Ik , are positive scalars, and eT = 1 1 : : : 1 , then A4 implies
X h expS T s= j eT s = d g = expRd= h =q qi : 3.9
min
f
i
i
i
i
i
s
i

Proof: By Lemma 1 i , an optimal solution sPfor the problem on the left side of 3.9
exists. Denote u = expS s = so that u = h u is the optimal objective function
P qS
value. Optimality
condition
and
existence
of
a
risk
free
asset,
yield
Re
=
and 1 = P q , where q = h u =u  0. Hence, q = q is the unique risk neutral
uq =h .
probability, for all i 2 I . De nitions of u and q yield log u = S s = =
P log
Multiplying
the
latter
equality
by
q
and
summing
over
i
2
I
yields

q
S
P q loguq =h , where the left side is Rd=, because P q S = Re and e ss == d=.
Hence, we obtain Rd= = P q log u + P q logq =h = log u  log h =q i , which
T
i

i

i i

i

i

i

0

0

i

0

i i

i

i

i

k

0

i

T
i

i

i

i

i

i

i

i

i

i

i

yields 3.9 . 2
Equation 3.7 is now rewritten as
Xp
u^k = eT s+max
f
u
t 1 d +
i
d=f +c
k

k

i

k

i

i





i2Ik

i

i

i

i

i

X r u^
ij

j

j 2Jik

i

i

T

i

i

i





q

expSiT s=^t g

where d = 0 is optimal, for t  1 62 . Consequently, using Lemma 3,
u^k = max
fut 1 d  expRd  fk  ck =^t  i Ik pi u^i =qi qi g
d
where
X
u^i = rij u^j


i

i

0

i

2

j 2Jik

3.10
3.11

If t  1 2 , then optimization over d in 3.10 with 3.2 yields, after lengthy but
straightforward algebra,
X
^t 1 logu^k = ck  fk + t 1 + 1=R qi ^t logpi u^i=qi
3.12




i2Ik

where

t 1 = t 1 logt

 ^t =R log^t =R + ^t 1 log ^t 1  t 1 log t 1
3.13
is independent of option cash ow f . If t  1 62 , then d = 0 and ^t 1 = ^t =R by
3.2 , so that 3.10 implies 3.12 with t 1 = 0.
Again, for the case without an option, denote the optimal objective function value
over the subtree by uk in 3.6 and 3.12 . Then, at the root node k = 0, we obtain
the option value V^ from 3.8 .




1
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3.1.3 Buying price recursion

Alternatively, we may apply dynamic programming for valuation of cash ow f employing a buying price vk instead of optimal value u^k , for each node k. For cash ow
f , in the subtree with root node k we dene the buying price vk by indierence. For
terminal nodes k 2 K , we have vk = fk . In general, using the notation above and
Lemma 2, we have
3.14
u
^k = uk exp vk =^t 1
so that vk = ^t 1 log uk =u^k . This is rewritten using 3.11 - 3.12 both for uk and u^k ,
after elementary algebraic steps, as follows
vk

= fk  1=R

X q ^ log X r u^ = X r u
2

i t

2

i Ik

ij

j

j Jik

ij

2

j Jik

j

3.15

Denition 3.14 applied to node j 2 Jik yields u^j = uj exp vj =^t . Then, for i 2 Ik
and j 2 Jik , denition
 = r u =
rij uj
3.16
rij
ij j

X
2

j Jik

and equation 3.15 yields the following result

Lemma 4. If A1-A4 hold, then the value of a bounded cash ow f in a subtree with
root node k is given by vk = fk , for k 2 K , and for k 62 K , by recursion
vk

where

Ci

= fk + 1=R

= ^t log

XqC
2

i

3.17

i

i Ik

X r exp v =^
j

ij

2

j Jik

t

:

3.18

with probabilities rij dened by 3.16 and parameters ^t by 3.1 .

Here Ci in 3.18 represents certainty equivalent for prices vj obtained with probabilities rij , when an exponential utility function with risk tolerance ^t is employed.
The notation is illustrated in Figure 2 with node k and four successor nodes. There
are two distinct return vectors Si, so that there are two elements i in the set Ik and
two elements in each Jik .
t1

vk

pi
p1

Ci

rij

t

vij

Si

C1

r11



v11

S1

r12



v12

S1

r21



v21

S2

r22



v22

S2





ck
fk

p2



C2
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Figure 2. A node at time
k

t

1 and its successor nodes

ij

at time .
t

Next, consider the special case where, for each node 62 , j is independent of
, for all 2 ik . Then j = i in 3.11 and ij = ij in 3.16 , and 3.17 yields the
roll back procedure by Smith and Nau 9. In this case, k is unnecessary for recursion
3.17 . For each node 2 ik , subsequent realizations of stock return and of exogenous
cash ow are independent of , but they may be dependent within any single time
period. In real option analysis this may not be sucient. It can be crucial to allow
future development of stock prices depend on current price developments outside the
nancial market, for example, in case where the stock prices are correlated with price
processes determining option cash ow. Also in cases where the real option refers to
capacity expansion, the option cash ow k is likely to be correlated with exogenous
cash ow k resulting from existing capacity.
k

j

j

J

u

u

r

K

u

r

u

j

J

j

f

c

3.2 Option valuation
We now turn to application of dynamic programming for solving simultaneously problems 2.1 -2.4 and 2.7 for optimal s, d and f , given a xed option charge V = 0.
For this aim, we restrict the denition of the option cash ow f 2 F , which now results
from a multistage decision process as follows.
For each node k in the scenario tree, assume there is a nite number of possible
choices to be made concerning the option. For such a choice, the path in the scenario
tree from the root up to node k as well as all choices preceding node k are known.
Hence, possible choices at node k depend on node k and the choice history denoted by
l . Let Hkl dene the set of feasible choices at k , given choice history l . Each element
h 2 Hkl denotes the choice history l appended by a subsequent choice at node k . Thus,
h 2 Hkl denotes a choice history at successor nodes j 2 Jk , given choice history l at
node k. We assume that return of nancial assets and private exogenous cash ow are
independent of all choices made.
For all k, option cash ow fk depends on node k, on the history l prior to node k,
as well as on the choice h 2 Hkl. Hence, we denote fk = fkl h . Assuming that all such
cash ows fk = fkl h are nite, the nite set F of possible option cash ows f = fk
is bounded. Consequently, assuming choice sets Hkl such that F is nonempty, then A0
holds.

3.2.1 Option valuation by dynamic programming
We carry out dynamic programming recursion in the tree with nodes appearing at
time k . Assuming A0-A3, recursion for solving 2.1 -2.4 and 2.7 is developed using
results of Section 3.1. Let ^kl be the optimal expected utility over the subtree with
root node . For terminal nodes 2 , given choice history ,
kl

t

u

kl

k

K

l

^kl = T k + hmax
 
3.19
2Hk kl
For other nodes with k =  1
, it follows from Lemma 2, that an optimal
choice 2 kl at node is independent of exogenous cash ow at node . As in
Section 3.1, we employ leveling. The optimal value ^kl is then obtained in two stages.
u

u

c

f

h

:

l

k

h

H

t

t

 T

kl

kl

u
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First, for each choice h 2 Hkl , we optimize dividend d and nancial investments s with
eT s + d = fkl h + ck . Given choice h 2 Hkl , we obtain the optimal expected utility
u
^klh = eT s+dmax
fut 1 d + pj u^jh expSjT s=^t g
3.20
=f h+c

X

kl

j 2Jk

k

Again, d = 0 is optimal in 3.20, if tk 62 . Second, optimization over choices h 2 Hkl
yields
u
^kl = hmax
u
^ h:
3.21
2Hkl kl
Then by Theorem 1, given uk in Section 3.1, we obtain the option value
V^ = ^0 logu0 =u
^00
3.22
where k = 0 refers to the root node and l = 0 to the void choice history at the root.

3.2.2 Option valuation under a partially complete market

Next, assume A0-A4 hold. Then with 3.12, for nodes kl with tk = t  1  T , we
obtain
3.23
^t 1 logu
^klh = ck  fklh + t 1 + 1=R qi ^t logpi u^ih=qi 

X

i2Ik

where t 1 is given by 3.13, for tk 2 , and t 1 = 0, for tk 62 , and
u
^ih

=

X rij u^jh

j 2Jik
Then given u^kl in 3.23 and 3.21, and uk in Section 3.1, we obtain the option value

from 3.22.
Alternatively, let vkl denote the buying price for option cash ow in a subtree with
node kl as the root. Hence, by Lemma 2, u^kl = uk expvkl =^t 1. For node kl with
k 2 K , we obtain
vkl = max fkl h
3.24
h2Hkl
and for other nodes kl, using 3.15, recursively
vkl = max ffkl h  1=R
qi ^t log
rij u
^
=
rij uj g
3.25
jh
h2H

X

X

i2Ik

kl

j 2Jik

X

j 2Jik

where u^jh = uj expvjh=^t. Hence, 3.25 yields the following result
Lemma 5. If A0 - A4 hold, then the option value vkl is given by 3.24 , for kl with
k 2 K , and for other nodes kl, by recursion
vkl = max ffkl h + 1=R
qi Cih g
3.26
h2H

X

kl

where

Cih
r

= ^t log

i2Ik

X rij expvjh=^t 

j 2Jik

3.27

with probabilities ij de ned by 3.16 and parameters ^t by 3.1 .
Similarly as in Section 3.1, if uj = ui , for all j 2 Jik , then rij = rij . In this case,
Theorem 3 results in the roll back procedure by Smith and Nau 9.
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Wkh ghflvlrq ri lqyhvwphqw dqg lwv ixqglqj lq dq xqghujrlqj
lqvwlwxwlrqqdo hqylurqphqw= wkh fdvh ri d qxfohdu htxlsphqw
Marie-Laure GuillerminetW 48wk
Pdufk 5335

Devwudfw
Wklv sdshu*v remhfwlyh lv wr hvwlpdwh wkh frqvhtxhqfhv ri wkh txhvwlrqlqj ri wkh lqghshqgdqfh
k|srwkhvlv ri lqyhvwphqw dqg qdqflqj ghflvlrqv/ rq wkh lqyhvwphqw fkrlfh ri d qxfohdu
hohfwulflw| surgxfhu lq dq Hxurshdq pdunhw zklfk rshqv lq wkh frpshwlwlrq1 Wklv up zklfk
fdq jhw lqwr ghew rq wkh qdqfldo pdunhw/ lv vxemhfwhg wr wd{ dqg fdq jr edqnuxsw1 Wkh
up wdnhv lqwr dffrxqw lwv fdslwdo vwuxfwxuh ehiruh dffhswlqj wkh surmhfw1 Zh vkrz wkdw lwv
wrwdoo| luuhyhuvleoh lqyhvwphqw rssruwxqlw| ehfrphv sduwldoo| uhyhuvleoh zkhq wkh lqyhvwphqw
dqg qdqflqj ghflvlrqv duh lqwhughshqghqw1
Nh|zrugv= ghuhjxodwlrq/ lqyhvwphqw/ uhdo rswlrq/ rswlpdo qdqflqj/ frvw sulfh
MHO Frghv= G<5/ J65

W

FUHGHQ0ODVHU/ Fruuhvsrqgdqfh= Fuhghq/ Xqlyhuvlwì Prqwshoolhu L/ XIU Vflhqfhv Hfrqrpltxhv/ Hvsdfh

Ulfkwhu/ Dyhqxh gh od Phu/ ES <939/ 67387 Prqwshoolhu fhgh{ 4/ Iudqfh/ Skrqh= .66 +3,7 9: 48 ;6 65/ H0pdlo=
pojCvfhfr1xqly0prqws41iu
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4

Lqwurgxfwlrq

Wkh lqvwlwxwlrqdo frqwh{w ri wkh Iuhqfk hohfwulflw| vhfwru lv pdunhg e| wkh Hxurshdq Gluhfwlyh
ri Ghfhpehu 4<wk/ 4<<91 Lq Iudqfh wkh surgxfhu zdv suhylrxvo| lqwhjudwhg lqwr d sxeolf qdwxudo
prqrsro|1 Qrz duwlfohv 7/ 8 dqg 9 ri wkh hohfwulf Gluhfwlyh rshq wkh jhqhudwlrq vhfwru wr wkh
lqghshqghqw srzhu surgxfhuv +LSSv,1 Irufhg ixuwkhupruh wr xqexqgoh lwv dfwlylwlhv/ Hohfwulflw|
gh Iudqfh +HgI, lv jrlqj wr ehfrph dq LSS1 Wkh Gluhfwlyh grhv qrw iruhvhh wkh prglfdwlrq ri
wkh lqgxvwuldo vwuxfwxuh zklfk hvwdeolvkhv wkh rshqlqj lq frpshwlwlrq1 Zh hqylvdjh/ lq uhihuhqfh
wr wkh Eulwlvk fdvh/ wkh hphujhqfh ri wkh Hxurshdq hohfwulflw| srro/ wkh h{lvwhqfh ri zklfk zloo
qrw qhfhvvdulo| eh frqfuhwl}hg1 Krzhyhu li wkh srro lv wkh uhwdlqhg lqgxvwuldo vwuxfwxuh/ lw zloo
qrw eh fuhdwhg ehiruh wkh wrwdo rshqlqj ri wkh jhqhudwlrq vhfwru/ suredeo| lq 53391
Wklv uhsruw frlqflghv zlwk wkh txhvwlrq ri wkh uhqhzdo ri wkh srzhu sodqwv sdun iruhvhhq
e| 5343/ l1h1 wkh hqg ri wkh <33 dqg 4633 PZ qxfohdu htxlsphqwv* olih h{shfwdqf|/ ehfdxvh
wkh Iuhqfk surgxfwlrq lv ;3( ri qxfohdu ruljlq1 Wkh fdvh ri wkh Xqlwhg Nlqjgrp doorzv xv wr
vkrz wkdw wkh sulydwl}dwlrq ri wkh hohfwulflw| surgxfhuv/ lqfoxglqj qxfohdu srzhu sodqwv +QSSv,/
lv srvvleoh gxulqj wkh frpshwlwlrq lpsohphqwdwlrq= Eulwlvk Hqhuj|4 / sulydwl}hg lq 4<<9/ lv d
frqfuhwh h{dpsoh1 Zh olplw lq wklv sdshu wkh sulydwl}dwlrq wr wkh rshqlqj ri wkh surgxfhu*v
fdslwdo dqg qrw wr lwv lqfuhdvh= zh vshdn lq d jhqhudo zd| derxw wkh up*v vkduhkroghuv zkloh
lw lv dw uvw derxw wkh Vwdwh iru HgI1 Ixuwkhupruh/ wkh fdslwdo lv vxssrvhg wr frqvlvw rqo| ri
frpprq vkduhv dqg erqgv/ wkdw lv wkh up fdq qdqfh lwv fdslwdo e| htxlw| dqg ordq1 Vr wkh
Iuhqfk HgI up zklfk krogv wkh QSSv zloo qrw nhhs qhfhvvdulo| lwv vwdwxv ri sxeolf hvwdeolvkphqw
zlwk lqgxvwuldo dqg frpphufldo fkdudfwhu1
Zkdw lqflghqfh fdq wkh fdslwdo rshqlqj ri wkh hohfwulflw| surgxfhu kdyh rq lwv ghflvlrq wr
lqyhvw lq dq dgglwlrqdo qxfohdu htxlsphqwB
Wkh up*v hqylurqphqw lv frpshwlwlyh dqg frqvlghuhg dv xqfhuwdlq1 Wkh hqylvdjhg vshflf
fdslwdo lv d edvhg0ordg qxfohdu htxlsphqw zklfk kdv d wrwdoo| vxqn frvw= wkh up fdqqrw
fxw lqyhvwphqw li wkh pdunhw frqglwlrqv ehfrph xqidyrxudeoh1 Rq wkh rwkhu kdqg/ wkh up
nhhsv vrph h{lelolw| lq wkh frqvwuxfwlrq wlplqj ri wklv htxlsphqw zklfk lv dssuryhg e| wkh
uhjxodwru1 Wkhvh wkuhh fkdudfwhulvwlfv ri xqfhuwdlqw|/ luuhyhuvlelolw| dqg wlplqj h{lelolw| zklfk
fkdudfwhul}h wklv surmhfw lqwhudfw rq wkh lqyhvwphqw ghflvlrq1

Wkh| doorz wr hvwlpdwh wkh

lqyhvwphqw rssruwxqlw| ri wkh up dv d uhdo rswlrq/ dqg pruh h{dfwo| dv d fdoo rswlrq ehfdxvh
wkh htxlsphqw lv wrwdoo| luuhyhuvleoh1
Wkh ydoxh ri wkh lqyhvwphqw surmhfw lv wkxv fdofxodwhg e| wkh wkhru| ri uhdo rswlrqv e|
vxssrvlqj wkh xqohyhuhg up/ zkdw phdqv dgplwwlqj wkdw wkh Prgljoldql0Ploohu^4<8;` k|srwkhvlv
ri vhsdudwlrq ri wkh lqyhvwphqw dqg qdqflqj ghflvlrqv lv yhulhg1 Qrz/ lq qdqfh/ wkh wudgh0
r wkhru| txhvwlrqv wklv k|srwkhvlv +vhfwlrq 5,1 Zh zloo vhh wkdw wkh lqwhudfwlrq ehwzhhq wkh
4

Wkh jhqhudwlrq sdun ri Eulwlvk Hqhuj| grhv qrw krzhyhu frqvlvw h{foxvlyho| ri QSSv/ zklfk ixuwkhupruh zhuh

sduwldoo| sdlg r ehiruh wkh sulydwl}dwlrq ri wkh up1
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rswlpdo lqyhvwphqw dqg qdqflqj ghflvlrqv lv jrlqj wr eh wudqvodwhg e| dgglqj d sxw rswlrq wr
wkh fdoo rswlrq zlwk zklfk lv lghqwlhg wkh lqyhvwphqw rssruwxqlw|= wkh surmhfw lv qrw wrwdoo|
luuhyhuvleoh dq|pruh1 Rq wkh srro/ wkh lqyhvwphqw ghflvlrq lv qrw qhfhvvdulo| ghod|hg dq|pruh/
dv iru dq xqohyhuhg up/ zlwk uhjdug wr wkdw ghwhuplqhg e| wkh vwdqgdug qhw suhvhqw ydoxh
+QSY, uxoh rewdlqhg lq wkh prqrsro| +vhfwlrq 6,1 Lq frqfoxvlrq/ wkh ohyhuhg lqyhvwphqw lv qrw
wrwdoo| luuhyhuvleoh dq|pruh +vhfwlrq 7,1

5

Wkh fkdudfwhulvwlfv ri wkh qxfohdu lqyhvwphqw dqg lwv ixqglqj
vwuxfwxuh

514
51414

Wkh qxfohdu surmhfw ydoxh e| wkh wkhru| ri uhdo rswlrqv
Wkh frvw sulfh hyroxwlrq

Wkh hyroxwlrq ri wkh lqvwlwxwlrqdo iudph wdnhv lqwr dffrxqw wkh ghfhqwudol}dwlrq ri wkh hohfwulf
jhqhudwlrq srolf| zklfk iroorzv xsrq wkh rshqlqj ri Hxurshdq vhfwru lq frpshwlwlrq1 Lw lv
vfkhpdwl}hg e| wkh pdunhw prglfdwlrq iurp wkh uhjxodwhg lqwhjudwhg prqrsro| wr wkh frpshwlwlyh
srro1 Wkh lqgxvwuldo vwuxfwxuh lv frqwuroohg e| d uhjxodwru zklfk dfwv iru wkh froohfwlylw| dqg
zklfk h{huflvhv lwv lq xhqfh rq wkh up*v frvw sulfh hyroxwlrq1 Wklv uhjxodwru kdv iru remhfwlyh
surgxfwlyh dqg doorfdwlyh h!flhqf| dqg wr gr lw/ wulhv wr lpsohphqw d glvsxwdeoh pdunhw ehfdxvh
wkh prqrsrolvwlf frvw0ri0vhuylfh uhjxodwlrq suhvhqwv wzr pdlq olplwv= wkh Dyhufk0Mrkqvrq hhfw
ri ryhufdslwdol}dwlrq dqg wkh qdqfldo lqh!flhqf|1 Zh qrwlfh wkdw wkh fhuwdlq hqylurqphqw ri
wkh surgxfhu ehfrphv xqfhuwdlq1 Wkh rqo| xqfhuwdlqw| vrxufh zklfk zh lvrodwh lv wkh frvw sulfh/
sdudphwhu zklfk wkh up grhv qrw frqwuro sduwldoo| dqg zklfk qhyhuwkhohvv gulyhv lwv lqyhvwphqw
ghflvlrq1 Lw uhsruwv wkh lqgxvwuldo vwuxfwxuh dqg frqvwlwxwhv wkh surmhfw*v htxlw|1
Fhuwdlq hyroxwlrq lq prqrsro| 0 Wkh sxeolf up kdv wr ixoo Xqlyhuvdo Vhuylfh Reoljdwlrqv
+XVRv, zklfk duh lpsrvhg e| wkh Vwdwh/ wkh pdunhw uhjxodwru/ dqg zklfk irufh lw wr ghfolqh lwv
frvw sulfh wr dyrlg dq| dexvh ri grplqdqw srvlwlrq1
Zh wkxv vxssrvh wkdw wkh frvw sulfh pryhphqw/ zklfk fkdudfwhul}hv d frvw0ri0vhuylfh uhjxodwhg
prqrsrolvwlf vhfwru/ lv wkh iroorzlqj rqh=
gs 3
@ gw/
s|
3

+4,
3

zkhuh wkh wuhqg ri wkh udwh hyroxwlrq  lv qhjdwlyh/ e| ghqlwlrq + 6 3,= wkh frvw sulfh orzhuv
dv wkh orqj whup pdujlqdo frvw ghfuhdvhv1
Xqfhuwdlq hyroxwlrq rq wkh srro 0 Wkh uhjxodwru vxshuylvhv wkh up rq wkh srro +fi1 wkh
Eulwlvk h{dpsoh ri wkh Hohfwulflw| Srro ri Hqjodqg dqg Zdohv/ dqg vlqfh Dsulo 4vw/ 5334 ri Qhz
Hohfwulflw| Wudglqj Duudqjhphqwv, wr pdlqwdlq frpshwlwlrq1 Wkh sxusrvh ri wkh ghuhjxodwlrq
zklfk lqwurgxfhg frpshwlwlrq lqwr wkh jhqhudwlrq vhfwru/ lv wr orzhu wkh frvw sulfh iroorzlqj wkh
6
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orqj whup pdujlqdo frvw1 Wkh srro sulfh lv wkh vdph iru dq| surgxfhu1 Lw lv hvwdeolvkhg iurp
wkh pdujlqdo frvw ri wkh lqfuhphqwdo srzhu sodqw fdoohg e| wkh srro lq wkh phulw rughu elgv
v|vwhp1 Wkh uhjxodwru {hv wkh srro*v rshudwlyh uxohv dqg vr ghwhuplqhv wkh ghfuhdvlqj frvw
sulfh hyroxwlrq zklfk lv lpsrvhg wr wkh up1
Wkh frvw sulfh hyroxwlrq zklfk fkdudfwhul}hv wkh srro iroorzv d jhrphwulfdo eurzqldq prwlrq/
xvxdo prgho ri wkh xqfhuwdlq yduldeohv hyroxwlrq lq qdqfh=
gs 3
@ gw . g}/
s|
zkhuh

+5,

3

 6 3 dv suhylrxvo|>
wkh yrodwlolw| / zklfk fkdudfwhul}hv wkh ulvn ri wkh up*v dfwlylw|/ lv srvlwlyh=  A 31

51415

Ghqlwlrq ri wkh ydulrxv frvwv

Lqqlwh olih h{shfwdqf| 0 Wkh GLJHF^4<<:` hvwlpdwhv wkh gxudwlrq ri uhdfwruv* h{sorlwdwlrq
lq d udqjh ri 63 dw 83293 |hduv +73 |hduv iru Q7 uhdfwruv, zklfk zh frqvlghu dv lqqlwh1
Vwdqgdugl}hg htxlsphqw 0 Wkh frpsrvlwlrq ri wkh qxfohdu sdun vhwwohg e| HgI lv vxfk dv
lwv dffxpxodwhg h{shulhqfh lv hvwlpdwhg dw 933 uhdfwruv0|hduv1 Wkh lqlwldo fdslwdo lv nqrzq/
hyhq li wkh frqvwuxfwlrq ghod|v ri d QSS duh orqj1 Wkh| duh qhyhuwkhohvv vxssrvhg wr eh ri 49
|hduv iru wkh uvw <33 PZ UHS lq 9 |hduv iru Q7 uhdfwruv/ exw uhpdlq vxshulru wr wkrvh ri d
jdv frpelqhg f|foh wxuelqh +5 |hduv,1 Ehfdxvh ri wklv whfkqrorj| vwdqgdugl}dwlrq/ zh duh jrlqj
wr vxssrvh wkdw wkh frqvwuxfwlrq ghod| lv lpphgldwh/ zkdw phdqv qrw wdnlqj lqwr dffrxqw wkh
frvw sulfh hyroxwlrq ehwzhhq wkh wlph ri lqyhvwphqw +dqg lwv qdqflqj, ghflvlrq dqg wkdw ri wkh
htxlsphqw*v rshudwlrq1 E| k|srwkhvlv/ wkh lqlwldo fdslwdo5 /zklfk lqfoxghv frqvwuxfwlrq/
U)G dqg glvpdqwolqj6 frvwv/ lv wkhq qrupdol}hg wr N1
Wkh edvhg0ordg rshudwlqj 0 Ehfdxvh ri wkh frvwv vwuxfwxuh/ wkh qxfohdu Iuhqfk htxlsphqw
lv frpshwlwlyh lq edvhg0ordg jhqhudwlrq/ l1h1 lqwhqghg wr zrun :333 dw ;:93 krxuv d |hdu1 Zh
vxssrvh wkdw wkh surgxfwlrq lv frqvwdqw/ frqvlghulqj wkh dydlelolw| udwh ri QSSv/dqg qrupdol}hg
wr wkh xqlw|1 Ixuwkhupruh/ wr uhvwulfw wkh xqfhuwdlqw| wr wkh rqo| hohfwulflw| frvw sulfh yduldwlrq/
wkh xudqlxp sulfh/ qhyhuwkhohvv xqfhuwdlq/ lv vxssrvhg frqvwdqw1 Lq d vlplodu zd|/ wkh vwxg|
ri wkh GLJHF^4<<:` iudphv wkh hyroxwlrq ri wkh xudqlxp sulfh e| wzr orz sulfh +53 XVG24e
X63;, dqg khljkw +58 XVG24e X63;, vfhqdulrv1 Wkhvh wzr k|srwkhvhv ri {hg ixho sulfh
dqg frqvwdqw surgxfwlrq doorz wr qrupdol}h wkh surgxfwlrq pdujlqdo frvw wr 31 Wkh fdvk rzv/
jhqhudwhg e| wkh lqyhvwphqw surmhfw/ fdq wkxv eh uhgxfhg wr wkh frvw sulfh1
5

Wklv odwwhu uhpdlq {hg lq d idyrudeoh hqylurqphqw1 Wkhuh zdv qr dfflghqw vlqfh 4<;9/ zklfk zrxog kdyh

ehhq deoh wr sxoo d frvwv lqfuhdvh/ dqg li wkh qxfohdu fdq ehqhw iurp d suhplxp ixuwkhu wr wkh N|rwr djuhhphqwv
+iurp 4 wloo 43 Ghfhpehu 4<<:,/ lw zloo eh nqrzq dqg wkxv qrupdol}hg1
6
Zh gr qrw wdnh lqwr dffrxqw yhu| vwurqj xqfhuwdlqwlhv rq wkh odvw vwdjhv ri wkh f|foh/ erwk lq whupv ri ihdvlelolw|
dqg frvwv/ dv idu dv wkh| frqfhuq d yhu| glvwdqw ixwxuh dqg d vwdqgdugl}hg htxlsphqw1 Wkhvh h{shqvhv uhsuhvhqw
rqo| 5 ( ri wkh dffxpxodwhg vshqglqjv ri wkh Iuhqfk qxfohdu sdun1
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Wkh frpshwlwlrq lv qrw wdnhq lqwr dffrxqw 0 Wkh qxfohdu vhfxulw| vwdqgdugv zhuh vwuhqjwkhqhg
ixuwkhu wr wkh dfflghqwv dulvhq rq wkh uhdfwruv ri Zlqgvfdoh lq Juhdw Eulwdlq iurp : wloo 45 Rfwrehu
4<8:/ Wkuhh Ploh Lvodqg lq wkh Xqlwhg Vwdwhv rq Pdufk 5;wk/ 4<:< dqg ri Wfkhuqre|o lq Xnudlqh
rq Dsulo 59wk/ 4<;91 Wkh| pdlqwdlq wkh qxfohdu hohfwulflw| surgxfhu xqghu wkh uhjxodwru*v frqwuro/
zkdw holplqdwhv dq| vwudwhjlf hhfw rq wkh surmhfw ydoxh +fi1 Wuljhrujlv^4<<9/ s1 467`,1 Vr wkh
dgglwlrqdo qxfohdu htxlsphqw lv dq rssruwxqlw| wr lqyhvw iru HgI1 Dovr/ wkh QSSv ehjlq wr
eh frpshwhg lq edvhg0ordg rqo| e| wkh jdv frpelqhg f|fohv wxuelqhv= zh vr vxssrvh wkdw wkh
h{sdqvlrq ri wkh up*v fdslwdo lv wrwdo dqg wkdw wkh lqlwldo fdslwdo frvw lv frqvwdqw +fi1 Gl{lw dqg
Slqg|fn^4<<;`,1
Wkh wrwdoo| luuhyhuvlelolw| ri wkh htxlsphqw 0 Wklv luuhyhuvlelolw| lpsolhv d vxqn frvw= wkh
up fdqqrw fxw lqyhvwphqw li wkh pdunhw frqglwlrqv ehfrph xqidyrxudeoh dqg wkh pdunhw h{lw lv
pdgh ri wkh lqlwldo fdslwdo frvw1 Wkh up*v fdslwdo lv vshflf1 Ixuwkhupruh/ li wkh up*v fdslwdo
uhvdoh lv srvvleoh/ wkh srwhqwldo ex|huv duh lq wkh vdph pdunhw frqglwlrqv zklfk xujh wkh up wr
vhoo lwv fdslwdo1 Wkh| duh doo wkh ohvv lqflwhg wr lqyhvw wkdw wkh sulfh lv forvh wr wkh uhsodfhphqw
frvw1 Wkxv hyhq li wkh fdslwdo lv qrw up*v vshflf/ wkh lqgxvwu|*v vshflflw| ri erwk fdslwdo dqg
vkrfnv pdnh wkh lqyhvwphqw luuhyhuvleoh +fi1 Dnhuori^4<:3`,1
Wkh up kdv wkh rssruwxqlw| wr ex| fdslwdo zlwkrxw kdylqj wkdw wr uhvhoo lw lq fdvh ri uhyhuvdo
ri wkh pdunhw frqglwlrqv= wklv luuhyhuvlelolw| fkdudfwhulvwlf jhqhudwhv wkh uhdo rswlrq frqvlvwhg
rqo| ri dq fdoo rswlrq1
51416

Ioh{lelolw| ri wkh lqyhvwphqw ghflvlrq

Wkh qhwzrun lqgxvwulhv* upv kdyh wr ixoo XVRv1 Dqg vr/ lq wkh hohfwulf vhfwru/ wkh Vwdwh lv
wkh rzqhu ri wkh yhuwlfdoo| lqwhjudwhg qdwxudo prqrsro|1 E| lqwurgxflqj wkh frpshwlwlrq/ wkh
wudqvsrvlwlrq ri wkh Hxurshdq hohfwulflw| Gluhfwlyh ohdyhv xquhvroyhg wkh txhvwlrq ri surgxfwlrq
fdsdflwlhv dqg hqhuj| fkrlfhv iru Iudqfh1 Lw iruhvhhv wkdw wkh sxeolf wudqvsruw v|vwhp rshudwru
+VR, hvwdeolvkhv/ dw ohdvw hyhu| rwkhu |hdu dqg xqghu frqwuro ri wkh Vwdwh/ d pxowldqqxdo surmhfwhg
edodqfh ri qhhgv lq surgxfwlrq fdsdflwlhv1 Rq wkh edvlv ri wklv edodqfh/ wkh Vwdwh sodqv wkh
surgxfwlrq lqyhvwphqwv/ e| judqwlqj h{sorlwdwlrq olfhqvhv dqg li wkhvh odvw rqhv gr qrw dqvzhu wkh
{hg remhfwlyhv/ e| surfhhglqj wr elgv diwhu uhihulqj wr wkh rslqlrq ri wkh Hohfwulflw| Uhjxodwlrq
Frpplwwhh dqg wkh wudqvsruw VR1 Wkh uhjxodwru lv lq fkdujh ri rujdql}dwlrq dqg frqwuro ri wkh
XVRv1 Rq wkh rwkhu kdqg/ wkh up nhhsv wkh lqyhvwphqw wlplqj1 Lw kdv wkh rssruwxqlw| wr
lqyhvw lq d qxfohdu htxlsphqw/ dqg lw fdq/ dw dq| wlph/ ghflgh wr lqyhvw ru wr zdlw1 Lw grhv qrw
orvh wklv rssruwxqlw| li lw ghflghv wr zdlw ehiruh lqyhvw= wkhuh lv qr frpshwlwlyh jdph djdlqvw
rwkhuv upv1 Lw lv wkhq d txhvwlrq iru wkh up ri ghwhuplqlqj wkh rswlpdo wlph ri lwv lqyhvwphqw/
dqg ri ghflglqj rq lwv qdqflqj1
Wkhvh wkuhh fkdudfwhulvwlfv ri xqfhuwdlqw|/ luuhyhuvlelolw| dqg h{lelolw| doorz wr hvwlpdwh
wkh surmhfw e| phdqv ri wkh wkhru| ri uhdo rswlrqv lqwurgxfhg e| Deho^4<;6`/ Slqg|fn^4<;;`/
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Fdedoohur^4<<4`/ Vplwk^4<<7`/ Gl{lw^4<<8`1 Wklv olwhudwxuh rq wkh lqyhvwphqw ghflvlrqv wdnhq
lq xqfhuwdlq hqylurqphqw dvvlplodwhv wkh lqyhvwphqw rssruwxqlw| wr dq rswlrq1 Lw lqwhjudwhv
lqwr wkh vwdqgdug qhw suhvhqw ydoxh +QSY, ri wkh htxlsphqw wkh zdlw ydoxh ri vxssohphqwdu|
lqirupdwlrq derxw wkh ixwxuh/ lq wkh idfw wkdw Wuljhrujlv^4<<9` fdoohg wkh h{sdqghg qhw suhvhqw
ydoxh +HQSY,1
Wkh QSY dqg wkh HQSY ghqh uhvshfwlyho| wkh lqyhvwphqw wkuhvkrogv lq prqrsro| dqg rq
wkh srro1 Lqghhg wkh up fdq ghflgh wr uhdol}h wkh lqyhvwphqw ru wr zdlw1 Lw vhhv sursrvlqj wkh
lqyhvwphqw surmhfw lq wkh lqlwldo shulrg1 Lw hvwlpdwhv lw dffruglqj wr wkh QSY uxoh1 Li wklv surmhfw
lv qrw surwdeoh/ wkh up grhv qrw krog lw wr wkh lqlwldo shulrg1 Exw/ lq wkh qh{w shulrg/ wkh
fkrlfh uhpdlqv wkh vdph dqg wkh up djdlq kdv wr ghflgh wr lqyhvw ru wr zdlw/ kdylqj dftxdlqwhg
zlwk wkh surgxfwlrq frvw zklfk lqfuhdvhg ru ghfuhdvhg1 Wklv srvvlelolw| ri zdlw kdv vrph ydoxh/
wkdw ri wkh uhdo rswlrq1
Wkh up zklfk lqyhvwv/ h{huflvhv wkh rswlrq zklfk lw krogv1 Ilqdoo|/ wkh fkrlfh whupv ri wkh
xqohyhuhg up dqvzhu wkh frqwuro x| / x| 5~lqyhvw> zdlw=
 li wkh rswlrq lv h{huflvhg dw wlph w/ lw phdqv wkdw wkh qhw suhvhqw fdvk rz ri wklv lqyhvwphqw
+s| N,h3o| lv srvlwlyh/ zkhuh s| lv wkh fdvk rz zklfk lv uhgxfhg wr wkh frvw sulfh dffruglqj
wr rxu k|srwkhvhv/ N lv wkh lqlwldo dprxqw ri wkh fdslwdo dqg u lv wkh ulvn0iuhh lqwhuhvw udwh>
 li wkh rswlrq lv qrw h{huflvhg dw wklv wlph w/ wkhuh lv qr surgxfwlrq hduqlqj dqg wklv rswlrq
ydoxh lv }hur1
Dprqj wkuhh phqwlrqhg frqglwlrqv/ wkh olwhudwxuh frqfhqwudwhv rq wkh lqyhvwphqw luuhyhuvlelolw|
dqg vr/ wkh zdlw lv frvw0iuhh1 Ixuwkhu wr Slqg|fn^4<;;`/ Deho dqg Hehuo|^4<<9/ 4<<:`/ erwk Deho/
Gl{lw/ Hehuo| dqg Slqg|fn^4<<9`/ Gl{lw dqg Slqg|fn^4<<;` prghov dqdo|}hg wkh lq xhqfh ri wkh
fdslwdo uhyhuvlelolw| dqg h{sdqvlrq rq wkh rswlrq suhplxp / zklfk lv ghqhg dv wkh glhuhqfh
ehwzhhq wkh HQSY dqg wkh QSY1 Dq| xqohyhuhg lqyhvwphqw vr ghqhg e| wkh uhdo fdoo lv wrwdoo|
luuhyhuvleoh dqg h{sdqvleoh1 Lw lv fkdudfwhul}hg e| d srvlwlyh rswlrq suhplxp=  A 31
Rxu sureohp frqvlvwv lq vkrzlqj wkh frqvhtxhqfhv ri wkh txhvwlrqlqj ri wkh Prgljoldql0
Ploohu^4<8;` k|srwkhvlv ri wkh lqghshqghqfh ri lqyhvwphqw dqg qdqflqj ghflvlrqv rq wkh rswlrq
suhplxp ydoxh 1 Qrz Deho dqg do1^4<<9`/ Gl{lw dqg Slqg|fn^4<<;` sxw lq prwwr wkdw  lv qrw
dozd|v srvlwlyh iru d sduwldoo| uhyhuvleoh lqyhvwphqw1

515
51514

Ixqglqj fkdudfwhulvwlfv
Wkh surmhfw qdqflqj gxh wr wkh ulvnv

Wkh qxfohdu lqgxvwu| lv frqiurqwhg zlwk d vshflf hfrqrplf ulvn/ hyhq li wklv ulvn lv glyhuvldeoh
e| wkh lqyhvwruv dv suryhv lw wr xv wkh sulydwl}dwlrq ri Eulwlvk Hqhuj|7 lq 4<<9 lq wkh Xqlwhg
7

Wkh jhqhudwlrq sdun ri Eulwlvk Hqhuj| grhv qrw frqvlvw h{foxvlyho| ri QSSv/ zklfk ixuwkhupruh zhuh sduwldoo|

sdlg r ehiruh wkh up*v sulydwl}dwlrq1

9
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Nlqjgrp1 Lw lqfoxghv wkh ulvnv gxh wr zdvwh dqg wr dfflghqwv srvvlelolw|/ zklfk duh sduwldoo|
vroyhg e| hqjhqhhulqj1 Wkhlu fryhudjh/ lghqwlfdo lq Iudqfh dqg lq wkh Xqlwhg Nlqjgrp/ dgydqfhv
wkh olplwhg surgxfhu*v uhvsrqvlelolw| lq dprxqw dqg lq wlph1 Lq fdvh ri wkh up*v ru lqvxuhu*v
lqvroyhqf|8 / wkh Vwdwh dvvxphv doo ru dq| ri wklv oldelolw|9 1 Wkh ulvnv dovr frqfhuq wkh frpshwlwlyhqhvv
ri QSSv dv edvhg0ordg surgxfwlrq phdqv1 Wkh whfkqrorjlfdo hyroxwlrq pdnhv srvvleoh wkh
dsshdudqfh ri d qhz edvhg0ordg rhu1 Wkh srro uhyhdov wkh up*v pdujlqdo frvw e| fdoolqj
lw lq wkh phulw rughu= wkhuh lv wkxv d whfkqrorjlfdo lqflwhphqw wr kdyh wkh orzhvw pdujlqdo frvw: 1
Ilqdoo| wkh ulvnv duh gxh wr wkh fdslwdo0lqwhqvlyh fkdudfwhu dqg wkh luuhyhuvlelolw| ri wkh qxfohdu
lqyhvwphqw1 Ilqdoo| wkh frvw sulfh lv jxdudqwhh0iuhh/ h{fhsw lq fdvh ri h{lvwhqfh ri orqj whup
sxufkdvh frqwudfwv/ dqg wkh qdqflqj ri d qxfohdu surmhfw lv wkxv ulvn|1
Wkhvh ulvnv duh lqwhjudwhg lqwr wkh hfrqrplf fdofxodwlrq e| phdqv ri wkhlu suhplxpv1 Wkh
qdqflqj srvvlelolw| ri wkhvh qxfohdu htxlsphqwv lv qrw wkhq txhvwlrqhg dq|pruh1 Zh duh jrlqj
wr frqfhqwudwh rq wkh vkdulqj ri wkh qxfohdu htxlsphqw*v qdqflqj ehwzhhq htxlw| dqg ordq1
Zh duh qrw jrlqj wr ghwdlo wkh ordqv* w|srorj| iru wkh QSS*v ixqglqj/ exw udwkhu wr ghwhuplqh
wkh lqyhvwphqw wkuhvkrogv ri wkh ohyhuhg hohfwulflw| surgxfhu1 Wkh ulvnv duh dvvxphg iru hyhu|
lqyhvwphqw surmhfw/ wkh qdqflqj ri zklfk lv pdgh yld d vshflf ohjdo vwuxfwxuh; / wkh surmhfw0
frusrudwlrq +Ohvfrhxu dqg Shq}^4<<<`,1
51515

Lqwhughshqghqfh ehwzhhq lqyhvwphqw dqg qdqflqj ghflvlrqv

Wkh wudgh0r wkhru| 0 Wkh wudgh0r wkhru| +P|huv^4<::`,/ frqvlghuv wzr pdunhw lpshuihfwlrqv/
zklfk duh wd{ dqg edqnuxswf|1 Lw lv lq frqwlqxdwlrq ri wkh wkhru| ri Prgljoldql0Ploohu^4<8;`/
ehfdxvh lw grhv qrw txhvwlrq wkh ohyhudjh1 Exw lw dggv wr ohyhudjh wzr hhfwv gxh wr ghew/ vr
wkdw wkh up*v ydoxh ydulhv dffruglqj wr wkh ghew udwh=
 wkh wd{ hhfw= wkh ghew lqwhuhvwv duh frqvlghuhg dv frusrudwh h{shqglwxuh dqg duh ghgxfwleoh
iurp wkh wd{deoh surw>
 wkh edqnuxswf|< ulvn dqg wkh lqvroyhqw suredelolw| lqfuhdvh zlwk wkh ghew1
Lwv pdlq uhvxow wkxv hvwdeolvkhv wkh h{lvwhqfh ri dq rswlpdo ghew udwh zklfk pd{lpl}hv wkh
surmhfw ydoxh= wkh qdqflqj dqg lqyhvwphqw ghflvlrqv duh wkhq lqwhughshqghqw1 Vr wkh up
8

Zh vkdoo xvh lqglhuhqwo| wkh whup ri lqvroyhqf|/ l1h1 wkh vwdwh ri vwrsslqj wkh up*v sd|phqw/ dqg wkh whup

ri edqnuxswf|/ wkh ohjdo surfhgxuh1
9
Lq Iudqfh/ wkh qxfohdu ulvn lv lqvxuhg e| vshfldo uhjlph/ iru 43 |hduv dqg dw wkh ohyho ri 933 ploolrq iudqfv e|
wkh up/ wkhq ri 4833 ploolrq e| wkh Vwdwh dqg qdoo| ri 5853 ploolrq e| wkh Hxurshdq Xqlrq1
:
Qxfohdu krxvh jhqhudoo| frpshwlwlyh iru d edvhg0ordg surgxfwlrq/ exw wklv dgydqwdjh lv ohvv creylrxv* wkdq
lq wkh vwxg| ohg lq 4<<6 +GLJHF*v vwxg|^4<<:/ s1 7<`,1
;
Zh duh qrw lqwhuhvwhg lq wkh surshuw| ri wklv vwuxfwxuh/ lq frqwh{wv zkhuh wkhuh lv fuhdwlrq ri Lqghshqghqw Srzhu
Surgxfhuv rq srrov dqg zkhuh wkh upv* sulydwl}dwlrq txhvwlrq lq wkh qhwzrun lqgxvwulhv vhwwohv lq prqrsrolvwlf
frpshwlwlrq1
<
Zh vkdoo vshdn lqglhuhqwo| derxw vwdwh ri lqvroyhqf| ru edqnuxswf|1 Exw zh glvwlqjxlvk wklv vlwxdwlrq ri wkdw
dulvhq iurp wkh ihdu ri dq lpplqhqw edqnuxswf|/ qdqfldo glvwuhvv1

:
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pd{lpl}hv lwv surmhfw ydoxh dffruglqj wr lwv ghew1 Lw lv d srvvleoh vlwxdwlrq iru HgI zklfk lv
vxemhfwhg wr wd{ dqg zklfk lv frqiurqwhg zlwk d pruh dqg pruh frpshwlwlyh hqylurqphqw zkhuh
rffxu edqnuxswflhv ri upv/ iru h{dpsohv lq 5334 edqnuxswflhv ri erwk SJ)H dqg VrfdoHg
xwlolwlhv rq wkh FdoS[ Fdoliruqldq srro dqg ri wkh eurnhu lq hqhuj|/ Hqurq1
Wkh ydoxh ri wkh ohyhuhg surmhfw lv htxdo wr wkh ydoxh ri wkh xqohyhuhg surmhfw +ohyhudjh,/
qhw ri wkh glhuhqfh ehwzhhq wkh dgydqwdjh +wd{ hhfw, dqg wkh lqfrqyhqlhqfh +edqnuxswf| ulvn,
jhqhudwhg e| ghew=
Y +s| > F, @ Y +s| > 3, . W E+s| > F,  EF+s| > F, @ G+s| > F, . H+s| > F,/
zkhuh

+6,

Y +s| > F, lv wkh qhw fxuuhqw ydoxh ri wkh ohyhuhg up>
Y +s| > 3, @ s| lv wkh qhw fxuuhqw ydoxh ri wkh xqohyhuhg up>
W E+s| > F, lv wkh fxuuhqw ydoxh ri vfdo hduqlqj gxh wr ghew>
EF+s| > F, lv wkh fxuuhqw ydoxh ri edqnuxswf| frvw>
G+s| > F, lv wkh fxuuhqw ydoxh ri ghew>
H+s| > F, lv wkh fxuuhqw ydoxh ri htxlw|>
F lv wkh dprxqw ri wkh ghew frxsrq1

Dffruglqj wr wkh wudgh0r wkhru|/ wkh up vkrxog qrw udwkhu vhoi0qdqfh lwv surmhfw/ vr
xqghuolqlqj wkh fdslwdo0lqwhqvlyh fkdudfwhu ri wkh qxfohdu lqyhvwphqw1

Lw kdv wr wdnh wkhq

vlpxowdqhrxvo| wzr ghflvlrqv/ rqh ri qdqflqj dqg rqh ri lqyhvwphqw1
Ixqglqj k|srwkhvhv 0 Zh vxssrvh/ iroorzlqj Prgljoldql dqg Ploohu^4<8;`/ Ploohu^4<::`/
Euhqqdq dqg Vfkzduw}^4<:;`/ Ohodqg^4<<7`/ wkdw=
 wkh surgxfwlrq dfwlylwlhv ri wkh up uhpdlq xqfkdqjhg e| lwv fdslwdo vwuxfwxuh1 Wklv
k|srwkhvlv sxvkhv dvlgh dq| dvvhw vxevwlwxwlrq sureohp +fi1 Ohodqg^4<<7/ s1 4549`,= wkh
vwrfnkroghuv fdqqrw fkrrvh ulvnlhu dfwlylwlhv wr lqfuhdvh wkh htxlw| ydoxh wr wkh ghwulphqw
ri wkh ghew ydoxh dqg vr klmdfn wklv ydoxh lq wkhlu surw wr wkh ghwulphqw ri wkh erqgkroghuv
+Kduulv dqg Udyly^4<<4`,1 Lqghhg/ wd{hv dqg edqnuxswf| frvwv lq xhqfh wkh rswlpdo fdslwdo
vwuxfwxuh/ hyhq lq fdvh ri srvvleoh dvvhw vxevwlwxwlrqv43 1 Zh qg wkh frqfoxvlrq ri Pdxhu
dqg Wuldqwlv^4<<7` dffruglqj wr zklfk wkh qdqfldo h{lelolw| kdv/ iru wkh pdlq sduw/ qr
hhfw rq wkh up*v surgxfwlrq srolf|>
 wkh ghflvlrqv frqfhuqlqj wklv qdqflqj vwuxfwxuh duh qrw prgldeoh dq|pruh zkhq wkh| duh
wdnhq1 Wkh ghew ydoxh grhv qrw prgli| lq wkh wlph dqg lv ghqhg dv h{rjhqhrxv1 Zh wkxv
sxw dvlgh doo wkh djhqf| sureohpv ehwzhhq dfwruv44 = wkhuh lv qr lvvxh ri vxssohphqwdu|
43

Wklv hhfw lq xhqfh lv frpsdudeoh wr wkdw ri wkh ulvn ri wkh up*v dfwlylw| j rq wkh htxlw| ydoxh dqg wkh ghew

ydoxh1
44
Wkhvh djhqf| sureohpv duh qhyhuwkhohvv wdnhq lqwr dffrxqw e| wkh uhylvlwhg wudgh0r wkhru|/ h{whqvlrq ri wkh
wudgh0r wkhru|1

;
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ghew +wr wkh ghwulphqw ri wkh fxuuhqw erqgkroghuv,/ qru dgglwlrqdo ghew uhgxfwlrq +wkhvh
uhsxufkdvhv ehlqj pdgh wr wkh ghwulphqw ri wkh fxuuhqw vkduhkroghuv,/ hyhq li wkhuh duh qr
uhixqglqj frvwv>
 wkh up jhwv lqwr ghew rqo| dw wkh lqyhvwlqj wlph/ l1h1 wkdw wkh fdslwdo vwuxfwxuh lv {hg rq
doo wkh gxudwlrq ri surmhfw*v h{sorlwdwlrq1 Prgljoldql0Ploohu^4<8;`/Phuwrq^4<::`/Eodfn dqg
Fr{^4<:9` sxw wkdw wkh k|srwkhvlv ri wlph0lqghshqghqw ghew45 1 Qrz dq lqqrydwlrq ri wkh
fdslwdo pdunhwv/ wkh exoohw uhsd|phqw/ pdnhv srvvleoh wkh uhqdqfhphqw zklfk doorzv wr
vsuhdg rxw wkh ghew oldelolw| ryhu wkh olih h{shfwdqf| ri wkh qxfohdu htxlsphqw1 Zh vxssrvh
vr wkh uhqdqfhphqw frvwv duh }hur1 Zh dvvxph d ghew vwuxfwxuh zlwk wlph0lqghshqgdqw
sd|rxwv>
 wkh rswlpdo ghew lv ghwhuplqhg lq wkh suhvhqfh ri=
- wkh frusrudwh wd{ +FW,  / 4 ?  ? 3/ zklfk lv htxdo wr 6:> ::( iru HgI>
- wkh up jrhv edqnuxsw iru d frvw sulfh s|
6 s / exw wkh fxuuhqw edqnuxswf| vlwxdwlrq
lv hvwlpdwhg iru s|  s 1 Wkh edqnuxswf| fkdudfwhulvwlfv duh wkh iroorzlqj rqhv1 Wkh
fxuuhqw edqnuxswf| frvw/ zklfk lqfoxghv wkh frvw ri wkh ohjdo lqwhuyhqwlrq/lv {hg wr
/ 4 ?  ? 31 Wkh pdunhw ydoxh ri wkh up lv wkhq orzhu wkdq wkh dprxqw ri wkh ghew=
Y +s , @ +4  , s ? G+s ,1 Ilqdoo|/ gxulqj wkh edqnuxswf|/ wkh up*v surshuw| lv
wudqvihuuhg iurp wkh vkduhkroghuv wr wkh erqgkroghuv/ dqg wkh vkduhkroghuv duh iuhhg
iurp dq| frpplwphqw= wkhlu oldelolw| lv olplwhg dqg H+s , @ 3>
 wkh xqsurwhfwhg ghew lv ulvn|/ l1h1 wkdw wkh reoljdwlrqv kdyh qr surwhfwlyh fryhqdqwv1 Wklv
k|srwkhvlv lpsolhv wkdw wkh edqnuxswf| sulfh s lv hqgrjhqrxv1 Wkh lqfuhdvh ri wkh up*v
dfwlylw| ulvn  lqfuhdvhv wkh htxlw| ydoxh H+s,/ zkloh orzhulqj ghew ydoxh G+s,1 Wkh
vkduhkroghuv vkrxog udwkhu lqfuhdvh wklv ulvn/ wr wkh ghwulphqw ri wkh erqgkroghuv/ vr dv
mR=Rs@wkxv
3,1 ghqhv lwvhoi dv lw lv wkh
wr pd{lpl}h wkh htxlw| ydoxh ri wkh surmhfw1 Pdnlqj
_R lw/
sulfh iru zklfk wkh pdujlqdo htxlw| ydoxh lv qlo + _.(R)

E| wklv srvvlelolw| ri fdslwdo*v surshuw| wudqvihu ri wkh htxlsphqw/ zh qrwlfh wkdw wr jhw lqwr
ghew phdqv ex|lqj d sxw rswlrq rq surmhfw htxlw|46 1 E| ohyhulqj/ wkh vkduhkroghuv jlyh xs d
sduw ri wkh htxlw| surshuw| wr wkh erqgkroghuv1 Wkh| zloo jhw edfn wklv surshuw| e| sd|lqj r
wkh ghew1 Wkh htxlw| ydoxh lv wkxv htxdo wr wkh ydoxh ri wklv sxw rswlrq iru wkh vkduhkroghuv1 Lw
lv rqo| kdylqj h{huflvhg lwv uhdo rswlrq +e| lqyhvwlqj, wkdw wkh up srvvhvvhv wklv qdqfldo rswlrq
+e| jhwwlqj lqwr ghew,1
45

Wkh ghew pdwxulw| lv lqqlwh1

46

Wkh htxlw| ixqfwlrq lv wkxv frqyh{=

Y 2YR
.ER
2

: f1

<
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6

Wkh surmhfw uhyhuvlelolw|= wkh rswlrq suhplxp ydoxh

Wkh rswlpdoo| ohyhuhg up/ dffruglqj wr wkh wudgh0r wkhru|/ wulhv wr ghwhuplqh wkh sulfh iurp
zklfk lw lqyhvwv1 Wkh up dgrswv d ihhgedfn phwkrg1 Lw fdofxodwhv uvw ri doo wkh rswlpdo dprxqw
ri ghew zklfk pd{lpl}hv lwv surmhfw ydoxh1 Lw ghwhuplqhv wkhq wkh sulfh wkuhvkrog ri dffhswlqj
lwv pd{lpxp ydoxhg htxlsphqw1 Lw vr hvwlpdwhv lwv qdqfldo rswlrq ehiruh lwv uhdo rswlrq= wkh
rssruwxqlw| lv wkh vxp ri pxowlsoh lqwhudfwlqj rswlrqv +fi1 Euhqqdq dqg Vfkzduw}^4<;8`,/ ehfdxvh
wkh dgglwlrq ri wkh sxw rq htxlw| lqfuhdvhv wkh uhdo fdoo ydoxh1
Wkh glhuhqfh ehwzhhq wkh frvw sulfh wkuhvkrog lq xqfhuwdlqw| +rq wkh srro, dqg wkdw rewdlqhg
e| wkh QSY uxoh lq fhuwdlq hqylurqphqw +lq prqrsro|, fkdudfwhul}hv wkh uhyhuvlelolw| ri wkh
ohyhuhg surmhfw1 Wklv frpsdulvrq lv wkxv pdgh ehwzhhq wkh uxohv ri wkh wkhru| ri uhdo rswlrqv
dqg ri wkh QSY zklfk pxvw qhfhvvdulo| eh sduwlfxodul}hg1

614

Wkh prqrsro| fdvh

Wkh frvw sulfh pryhphqw zklfk fkdudfwhul}hv wkh frvw0ri0vhuylfh uhjxodwhg prqrsrolvwlf vhfwru/
zdv ghqhg e| +4,=
gs 3
@ gw1
s|
Zh duh jrlqj wr sduwlfxodul}h wkh QSY uxoh1 Wkh lqwhuhvw ri vxfk d uxoh lv wr vhuyh dv edvh ri
frpsdulvrq ehwzhhq wkh lqyhvwphqw wkuhvkrogv ghwhuplqhg lq wklv fhuwdlq vfhqdulr ri prqrsro|
dqg wkh xqfhuwdlq vfhqdulr ri wkh srro1 Zh frqvlghuhg wkdw lq fhuwdlq hqylurqphqw/ wkh up
zklfk lqyhvwv nqrzv wkh rswlpdo ghew ydoxh ri lwv surmhfw/ wkh ydoxh ri vfdo hduqlqj zklfk lw
uhdol}hv e| jhwwlqj lqwr ghew dqg wkh frvw zklfk zrxog suryrnh wkh wudqvihu ri lwv dvvhw1 Wklv
QSY uxoh lv sduwlfxodu ehfdxvh zh lqwhjudwh wkh eljjhvw srvvleoh ydoxhv ri vfdo hduqlqj dqg
edqnuxswf| frvw1 Wklv uxoh ehlqj nhsw lq wkh srro vfhqdulr/ wkh suhplxp rswlrq ydoxh lv qrw
txhvwlrqhg1
Wkh ydoxh ri wkh rswlpdoo| ohyhuhg surmhfw Y W +s, iru wkh fxuuhqw sulfh 0
I Frqwudfwhg dw wkh lqyhvwphqw wlph/ wkh rswlpdo ghew GW +s| , lv shuihfwo| nqrzq1 Lw lv
frqvwdqw gxulqj wkh QSS*v h{sorlwdwlrq dqg jhwv lqwhuhvwv sdlg lq wkh irup ri lpphgldwh/rswlpdo
dqg frqvwdqw frxsrq/ F W =
GW +s| , @

FW
1
u

I Wkh fxuuhqw ydoxh ri wkh vfdo hduqlqj ri wkh ghew/ zklfk wkh up uhdol}hv li lw lv qrw
dftxluhg e| lwv erqgkroghuv/ lv htxdo wr=
W E+s| , @ 
43
60
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Lqghhg/ wkh vfdo ohjlvodwlrq iruhvhhv wkdw wkh ghew lqwhuhvw/ l1h1 wkh frxsrq/ lv ghgxfwleoh iurp
wd{hv iru hyhu| h{sorlwdwlrq h{huflvh1
I Lq wkh fxuuhqw wlph/ wkh up dovr nqrzv lwvfxuuhqw edqnuxswf| frvw=
EF+s| , @ sW /
zkhuh sW lv wkh edqnuxswf| sulfh ghqhg iru wkh rswlpdo ghew ohyho GW 1
I Wkh fxuuhqw rswlpdoo| ohyhuhg surmhfw ydoxh lv htxdo wr wkdw ri wkh xqohyhuhg htxlsphqw/
l1h1 wkh fxuuhqw frvw sulfh/ wr zklfk dggv wkh qhw vfdo hduqlqj ri wkh frvw ri edqnuxswf|1 Wkh
up pd{lpl}hv lwv rswlpdo suhvhqw surmhfw ydoxh qhw ri wkh lqlwldo frvw ri fdslwdo=



3
FW
Y W +s| , @ pd{H|
 sW  N h3o| /
s0 h>| . 
u

3

zkhuh  6 3 @, olp s0 h
|<"
yhulhg1


>3o |

+7,

3

@ 3/ wkh frqglwlrq ri PfGrqdog dqg Vlhjho^4<;9` lv dozd|v

Ehfdxvh wkh uhjxodwru lqflwhv wkh up wr { wkh sulfh wr eh htxdo wr wkh orqj whup pdujlqdo
3
W
frvw +l1h1  6 3,/ wkh up ghflghv rq lwv lqyhvwphqw dqg rq lwv qdqflqj lq w @ 3 ehfdxvh
Y W +s1 , 6 Y W +s0 ,1 Wkh rswlpdo surmhwf ydoxh +7, zulwhv djdlq=
Y W +s0 , @ pd{


FW
W
s0 .  u  s  N> 3 1

+8,

Wr qg wkh rswlpdo ghew zklfk pd{lpl}hv wkh surmhfw ydoxh dw wkh wlph ri wkh lqyhvwphqw
ghflvlrq wW @ 3/ zh ghwhuplqh e| phdqv ri wkh erxqgdu| frqglwlrqv wkh edqnuxswf| sulfh1 Rqfh
wkh rswlpdo ghew frxsrq zdv hvwlpdwhg/ zh vkdoo ghgxfw wkh lqyhvwphqw uxoh1
Wkh dvvhw*v wudqvihu sulfh dv wkh lqyhvwphqw wkuhvkrog 0 Wkh dvvhw*v wudqvihu sulfh sW
lv ghqhg dv wkh sulfh ri zklfk wkh up jrhv edqnuxsw1 Lw lv hvwlpdwhg iru wkh rswlpdo ohyho ri
ghew nqrzq e| wkh up dw wkh wlph ri lwv lqyhvwphqw/ wkdw lv dw wkh lqlwldo wlph wW @ 31 Li wkh
up jrhv edqnuxsw lq wkh lqlwldo shulrg/ lwv fdslwdo ydoxh lv wudqvihuuhg wr lwv erqgkroghuv=
N @ Y W +sW , @ GW @

FW
1
u

Wkh ohyhuhg up ydoxh +8, lv dovr h{suhvvhg dv=
Y W +sW , @ GW @ N @ sW .  N  sW
/ sW @

13
13k N1

Wklv dvvhw*v wudqvihu sulfh sW doorzv wr hvwlpdwh wkh sxw rq wkh up*v htxlw|1 Lw fruuhvsrqgv/
lq wklv QSY uxoh/ wr wkh frvw sulfh wkuhvkrog ri lqyhvwphqw dffhswdqfh=
sWT  @ sW0 @ sW @
44
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4
N1
4

+9,
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Wkh ixqglqj vwuxfwxuh 0 Wkh ghflvlrq ri dffhswlqj ru uhixvlqj wkh surmhfw ehlqj wdnhq lq
wkh lqlwldo gdwh wW @ 3/ wkh ydoxh ri wkh rswlpdoo| ohyhuhg surmhfw lv rewdlqhg iru s0 A s iurp
wkh h{suhvvlrqv +8, dqg +9,=
Y W +s0 , @ s0 . 

4
FW

N1
u
4

Fdoohg / wkh rswlpdo sursruwlrq ri wkh ghew ydoxh lq wkh up ydoxh= 3 6  6 41 Zh fdq zulwh
djdlq wkh ohyhuhg surmhfw ydoxh=
Y W +s0 , @ s0 .  Y W +s0 ,  

4
N1
4

Iurp lw/ zh ghgxfw wkh rswlpdo sursruwlrq ri ghew lq wkh surmhfw ydoxh=
%
&
s0   13k N
4
13
4
? 41
+,  @

Y W +s0 ,
Wklv sursruwlrq h{suhvvhv wkh ixqglqj fkrlfh ri wkh up1 Li wkh lqyhvwphqw lv khog/ lw lv ohyhuhg
dw d  shufhqwdjh1
Wkh lqyhvwphqw uxoh 0 Wkh ghflvlrq ri dffhswlqj ru uhixvlqj wkh surmhfw lv wdnhq dw wkh
fxuuhqw wlph wW @ 3= lw uhvxowv iurp d qrz ru qhyhu vwudwhj|1 Zh ghwhuplqhg e| +9, wkh
rswlpdo frvw sulfh zklfk lpsohphqwv wkh lqyhvwphqw=
sWT  @

4
N/
4

+:,

zkhuh sWT  A N +,  ? 1
+

Wkh uxoh ri lqyhvwphqw lv wkh iroorzlqj rqh=
li s0 A
6 ssWTWT
qrwe|krog
wkh surmhfw
dqg
lwv lqyhvwphqw
wkhq wkh
wkh up
up grhv
lqyhvwv
jhwwlqj
lqwr ghew
dworvhv
wkh ohyho
ri Y W +s0 ,>rssruwxqlw|1
vl s0
// wkhq

Wkh ydoxh ri wkh qxfohdu surmhfw ghshqgv rq wkh lqyhvwphqw dqg lwv qdqflqj uxohv=
;
A 3 li s0 6 sWT  @ 13 N
13k
A
?
zlwk GW +s0 , @ 3>
W
W
Y0 @ Y +s0 , @
A s0  13 N li s0 A sWT
13k
A
=
zlwk GW +s0 , @  1

YW

0

Sursrvlwlrq 4 Lq wkh suhvhqfh ri erwk lpshuihfwlrqv ri fdslwdo pdunhw wkdw duh wkh wd{ udwh dqg
wkh edqnuxsf| frvw ri wkh up iru wkh wudgh0r wkhru|/ wkh prqrsro| fdq eh rswlpdoo| ohyhuhg1
d1 Wkh up lqyhvwv li wkh lqlwldo frvw sulfh lv vxshulru wr wkh sulfh wkuhvkrog1 Lwv fdslwdo
vwuxfwxuh fruuhvsrqg wkhq wr wkh frqvwdqw ohyhudjh 1
e1 Wklv sulfh wkuhvkrog lv pruh wkdq lw lv iru dq xqohyhuhg up N/ li wkh edqnuxswf| frvw lv
vxshulru wr wkh wd{ udwh1
45
62
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Lq wkh fhuwdlq hqylurqphqw/ wkh lqyhvwphqw wkuhvkrog ri wkh ohyhuhg up lv pruh wkdq wkdw
ri wkh xqohyhuhg surmhfw li  A  = wkh dvvhw*v wudqvihu frvw lv vxshulru wr wkh wd{ udwh iru wklv
vshflf QSY uxoh1
Wkh txhvwlrqlqj ri wkh Prgljoldql0Ploohu^4<8;` k|srwkhvlv ri vhsdudwlrq ri wkh qdqflqj dqg
lqyhvwphqw ghflvlrqv kdv d uvw hhfw/ wkdw wr pryh wkh dffhswlqj erxqgdu| ri dq rswlpdoo|
ohyhuhg surmhfw zlwk uhjdug wr wkh lqlwldo fdslwdo N/ wkdw lv wkh dffhswlqj wkuhvkrog ri wkh ohyhuhg
surmhfw1

615
61514

Wkh srro fdvh
Y W +s, iru wkh fxuuhqw sulfh

Wkh up surgxfhv rq wkh srro/ wkh rujdql}dwlrq uhwdlqhg wr lqwurgxfh wkh frpshwlwlrq rq wkh
surgxfwlrq vhfwru1 Lw edvhv lwv eholhyhv rq d frvw sulfh hyroxwlrq zklfk iroorzv wkh ghfolqh ri wkh
orqj whup pdujlqdo frvw gxh wr frpshwlwlrq/ dffruglqj wr d jhrphwulfdo eurzqldq prwlrq +5,=
gs 3
@ gw . g}1
s|
Wkh pd{lplvdwlrq surjudp ri wkh surmhfw ydoxh lv rewdlqhg dffruglqj wr rxu k|srwkhvhv=
Y W +s| , @ pd{ i+4  ugw,Y W +s| , . H^gY W `> 3j 1
R|

Wkh up kdv wr uhvroyh wkh ruglqdu| glhuhqwldo htxdwlrq +RGH,=
uY W +s| , @

gY W
H^gY W `
@
1
gw
gw

d, Wkh surmhfw ydoxh Y +s,
Ehfdxvh ri wkh surshuw| ri vìsdudelolwì dgglwlyh ri wkh ydoxh lq devhqfh ri rssruwxqlw| ri
duelwudjh +DRD,47 / lw lv htxlydohqw wr uhvroyh wkh iroorzlqj RGH=
ui+s| , . f @

gi
H^gi `
@ /
gw
gw

iru i @ W E+s| ,/ i @ EF+s| , dqg i @ G+s| ,/ ehfdxvh Y +s| , @ s| . W E+s| ,  EF+s| , @
H+s| , . G+s| , +6,1 Wkh frqvwdqw f dozd|v uhsuhvhqwv wkh fxuuhqw rz ri wkh ixqfwlrq i1
Li wkh pdunv gr qrw lqglfdwh pruh wkdq wkh ghulydwhv/ zh fdq zulwh djdlq wkh RGH zlwk wkh
Lw÷*v ohppd=
4 2 s2 iRR . 3
siR . ui . f @ 31
5

+;,

Zh nqrz wkdw wkh vroxwlrq vkdsh lv= i+s, @ D0 . D1 sq 1
47

Lw lv htxlydohqw wr vxssrvh wkh DRD ri pdunhw ru wkh dgglwlyh vhsdudelolw| ri ydoxh1 Qrz wkh DRD k|srwkhvlv

lv qhfhvvdu| wr hvwlpdwh wkh rswlrqv1

46
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Ohw xv ghulydwh=

+

iR @ D1 sq31 >
iRR @ D1 + 

4,sq32 1
E| sxwwlqj wkhvh ydoxhv lq wkh h{suhvvlrq +;,/ zh rewdlq wkh uhodwlrq=


3 q
4 2 q
q
D1 +  4,  s . D1  s . u D1 s . D0 . f @ 3=
5
Zh grq*w fduh wkh reylrxv vroxwlrq s @ 3=


3
4 2 .  
.
u
@ 3 hw uD0 . f @ 3 +, D0 @
D1 +  4,
5

3

Li D1 9@ 3/ 12  2  2 .   12  2  . u @ 3 iru wkh wzr iroorzlqj urrwv=
;
A
A
?  @

1
2

A
A
=  @

1
2




3

>
j2
3

>
j2


.

v
3

>
j2

v
3

>
j2



1
2



1
2

2

2

.

2o
j2

? 3>

.

2o
j2

A 31

f
1
u

Wklv RGH vroxwlrq lv htxdo wr=
i+s, @ D0 . D1 sq  . D2 sq  1
Zh fdofxodwh wkh surmhfw ydoxh +6, Y +s, @ s . W E+s,  EF+s, @ H+s,  G+s,/ e| uhvxplqj wkh
ydulrxv ixqfwlrqv i= i @ W E+s| ,/ i @ EF+s| , dqg i @ G+s| ,1 Wr rewdlq d qlwh surmhfw ydoxh
+fi1 lqiud wkh erxqgdu| frqglwlrqv ri i +=,,/ zh duh jrlqj wr krog rqo| wkh qhjdwlyh urrw   1 Zh
3

qrwlfh48 wkdw wkh lqfuhdvh ri  lqyroyhv wkdw ri   dqg wkdw wkh lqfuhdvh ri wkh wuhqg  ru wkh
lqwhuhvw udwh u ghfuhdvhv   1
d14, Wkh vfdo hduqlqj
#
48 Yq Q


Y>

'

y#
$ x
$2

 2
1
 1
n 2u2
3 2 n 2 3w 3

2

y#
$2
x
 2
n 2u2
1
j 2 w 3


v
f 0 Surri=



j2

>

3


2

2

n

j2
2o

:



3 j2 >n



2

>

2

Yq Q
Yo

'3


y
$2
x# 
2 1
n 2u2
j 2 w 3

2

f1
y
$2
% #
$
&
x# 
 2
 2 1
 1
n 2u2 n2 
3 2
> 3
no

2
y
$2
x# 
2 1
n 2u2
j 3 w 3




Yq Q
Yj

: f kdv wkh vdph vljq wkdq

Surri=

Yq
Q
YP

Yq Q
YP

=

YP
Yj

' 2j dqg

Yq Q
YP

2>w

'

:f0

2

3

' f iru wkh wzr urrwv o ' > 6 f dqg o ' f1
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Zh rewdlq wkh iroorzlqj h{suhvvlrq ri wkh vfdo hduqlqj/ W E+s, @ i+s,=
W E+s, @ D0 . D1 sq  . D2 sq  1
Wkh vfdo hduqlqj lv ghqhg dv d frvw dyrlghg e| wkh qrqwd{dwlrq ri wkh ghew frxsrq/ zklfk
jurzv zlwk wkh frvw sulfh1 Dw wkh edqnuxswf| sulfh s / wkh surmhfw surshuw| lv jlyhq xs wr
wkh erqgkroghuv dqg wkh ghew glvdsshduv1 Wkh up grhv qrw ehqhw dq| pruh wkhq iurp vfdo
hduqlqj1 Rq wkh rwkhu kdqg/ iru d sulfh hqrxjk kljk/ wkh up lv vxuh qrw wr jr edqnuxsw dqg wr
uhdol}h d vfdo hduqlqj fdofxodwhg rq wkh ghew lqwhuhvwv1 Zh vxppdul}h wkhvh wzr frqwlqxdwlrq
frqglwlrqv frqfhuqlqj wkh qdqflqj lq wkh iroorzlqj zd|=
+

 zkhq s$
$4/ @
wkh
D vfdo
. D hduqlqj
sq  @,ghshqgv rq wkh suhvhqw ghew dprxqw= W E+s,
o

0

2

D0 @  o /

D2 @ 31
 zkhq s @ s / wkhuh lv qr vfdo hduqlqj e| ghqlwlrq=
q

 3q

W E+s , @ 3 @  o . D1 s @, D1 @  o s  1

Wkh ydoxh ri wkh vfdo hduqlqj lq wkh fxuuhqw shulrg lv htxdo wr=
%
 q  &
s
F
4
W E+s, @ 
/
u
s
zkhuh zh fdq lqwhusuhw



R
R

q

+<,

dv d ed|hvldq suredelolw| ri edqnuxswf|/ l1h1 d eholhi rq wkh

edqnuxswf| ulvn zkhq wkh frvw sulfh lv s1 Ohodqg^4<<7/ s1 rq 454<` uhvxphg wkh suredelolw|
 q U
3
"
>| gw/
@ 0 3 +w> s> s
h{sodqdwlrq49 ri Eodfn dqg Fr{^4<:9/ ss1 6880689`1 Kh fodulhg RR
,h
zkhuh +w> s> s , lv wkh ghqvlw| ri wkh uvw lpphgldwh sdvvdjh iurp s wr wkh olplw frvw sulfh s
1
d15, Wkh edqnuxswf| frvw
Wkh edqnuxswf| frvw EF+s, @ i +s, lv vroxwlrq ri wkh RGH +;,=
EF+s, @ D0 . D1 sq  . D2 sq  1
Wkh erxqgdu| frqglwlrqv vshfli| wkh sursruwlrq ri wkh up*v ydoxh4: vshqw e| wkh edqnuxsw
vwdnh dqg wkh devhqfh ri wklv w|sh ri frvw rq d vroyhqw up=
 zkhq s $ 4/ wkhuh lv qr ulvn ri edqnuxswf|=
+ D0 @ 3/
D2 @ 31
EF+s, $ 3 @ D0 . D2 sq  @,
Wkh ydoxh ri wkh ulvn0qhxwudo up R iroorzv d jdxvvldq + _R
Rw
X E| c RE| Á|c RE|1
4:
Zh fkdudfwhul}hg wkh xqohyhuhg up*v ydoxh e| wkh frvw sulfh1
49



48

65
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q



13q

 zkhq s @ s / e| ghqlwlrq= EF+s , @ s @ D1 s @, D1 @ s

1
Zh rewdlq wkh edqnuxswf| frvw ri wkh up=
EF+s, @ s

s
s

q 

1



Zh ghgxfw wkh surmhfw ydoxh zkhq wkh ohyhuhg up=
%
 q 
 q  &
s
s
F
 s
4
/
Y +s, @ s . 
u
s
s

+43,

zklfk ghshqgv rq wkh frxsrq dqg rq wkh ohyhudjh1 Li  A 3 ru li  A 3/ wkhq lw jurzv zlwk u
3

dqg wkh wuhqg / dqg zkhq wkh ulvn ri wkh dfwlylw|  ghfuhdvhv1
d16, Wkh ghew
Od ydohxu gx surmhw hvw dxvvl ìjdoh ã fhooh gh od ghwwh hw ghv irqgv sursuhv +6,1 Od ydohxu gh
od ghwwh hvw vroxwlrq gh o*RGH +;,=
G+s, @ D0 . D1 sq  . D2 sq  1
Od ghwwh hvw shusìwxhooh hw frqvwdqwh shqgdqw wrxwh od gxuìh g*h{sorlwdwlrq gx surmhw1 Txdqg
o*hqwuhsulvh idlw idloolwh/ ohv fuìdqflhuv uìfxsëuhqw od ydohxu gh vrq fdslwdo qhwwh gx frþw gh idloolwh1
+
Ohv frqglwlrqv dx{ eruqhv vrqw ohv vxlydqwhv=
q

@,
o @ D0 . D2 s
D0 @ o /
 txdqg s $ 4/ G+s, $ 
D2 @ 31
 txdqg s @ s / od ydohxu gh o*hqwuhsulvh oruv gh od idloolwh hvw qhwwh gx frþw gh idloolwh=
q
 3q
. D1 s @, D1 @ 
+4  ,s  o s  1
G+s , @ +4  ,s @ o
Od ydohxu gh od ghwwh hvw ìjdoh ã=
G+s, @


  q 
F
s
F
. +4  ,s 
1
u
u
s

d17, Wkh htxlw|
Wkh ghew ydoxh ghgxfwhg iurp wkh surmhfw ydoxh jlyhv wkh htxlw| ydoxh=

  q 
s
F
F
1
H+s, @ Y +s,  G+s, @ s  +4   ,  s  +4   ,
u
u
s
49
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e, Hqgrjhqrxv ydoxh ri s = wkh qr surwhfwhg ghew
E| jhwwlqj lqwr ghew/ wkh up erxjkw d sxw rswlrq rq htxlw|1 Wkh uhsuhvhqwdwlyh fxuyh vorsh
ri wklv rswlrq doorzv xv wr h{suhvv wkh frqwlqxdwlrq frqglwlrq ehwzhhq wkh surmhfw ydoxh dqg wkh
ghew ydoxh1 Juhhq ^ 4<;7 ` vkrzhg wkdw lw ghshqgv rq wkh ydoxh ri wkh up*v wudqvihu sulfh1 Lw
lv frqyh{ iru d hqgrxjhqrxvo| ghqlwh sulfh/ zkdw fruuhvsrqgv wr d ulvn| erqg erxjkw rq wkh
qdqfldo pdunhw1 Wkh vprrwk0sdvwlqj frqglwlrq lv h{suhvvhg iru s  s 1
Zh nqrz/ e| k|srwkhvlv/ wkdw wkh ehkdylru ri wkh vwrfnkroghuv ohdgv wkhp wr pd{lpl}h wkhlu

htxlw| ydoxh1 Wkh vprrwk0sdvwlqj frqglwlrq lv vr h{suhvvhg iru s @ s = gH
mR=R @ 4 .  

gs
F 4
+4   ,
 4 @ 3/
u s
dqg doorzv wr ghwhuplqh wkh hqgrjhqrxv ydoxh ri edqnuxswf| s vxfk dv=



F
@, s @ +4   ,
1
u   4

+45,

Zh fdq vkrz wkdw wkh hqgrjhqrxv ydoxh ri wkh frvw sulfh s dqg wkh ydoxh ri wkh lqvroyhqw
surmhfw Y +s , @ +4  , s =
 duh sursruwlrqdo wr wkh frxsrq F>
 duh lqghshqghqw iurp wkh fxuuhqw frvw sulfh s>
 ghfuhdvh zkhq wkh FW udwh  lqfuhdvhv>
 s lv lqghshqghqw iurp wkh edqnuxswf| frvw / exw Y +s , ghfuhdvhv zkhq wkh edqnuxswf|
frvw  lqfuhdvhv>
 ghfuhdvh zkhq wkh ulvn0iuhh lqwhuhvw udwh u lqfuhdvhv>
 lqfuhdvh zkhq wkh ulvn  ghfuhdvhv>
3

 lqfuhdvh zlwk wkh wuhqg 1
E| sdudphwul}lqj wkh iroorzlqj h{suhvvlrqv=
3
;
 (q3q
) o
E
3q
A

A
? p@
>


k(13 )q 
13q
p A 3>
A k @ 4    
A
= j @ ^4   . +4  , +4   ,  ` p A 3/




dqg e| uhsodflqj wkh edqnuxswf| ydoxh +45,/ zh fdq zulwh djdlq wkh surmhfw ydoxh=
+
 3q  ,
F
F
Y +s, @ s . 
4k
/
u
s
4:
67
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dqg wkh ghew ydoxh=
F
G+s, @
u

+

 3q  ,
F
4
j 1
s

+47,

Zh ghprqvwudwh wkh hhfwv ri wkh ydulrxv sdudphwhuv rq wkh ghew ydoxh=
 wkh lqfuhdvh ri wkh ulvn0iuhh lqwhuhvw udwh kdv wzr hhfwv rq wkh ghew ydoxh=
- lw lqfuhdvhv wkh ghew frvw dqg ghfuhdvhv G+s,>
- lw lqfuhdvhv wkh vfdo hduqlqj dqg G+s,1
Wkh uvw hhfw wdnhv lw rq wkh vhfrqg= wkh lqfuhdvh ri wkh lqwhuhvw udwh u orzhuv wkh ghew
ydoxh G+s,/ zkloh lw lv wkh rssrvlwh iru dq rswlpdo ohyhudjh OW @

(W (R)
>
T W (R)
3

 wkh ghew ydoxh G+s, lqfuhdvhv zlwk wkh frxsrq F/ wkh frvw sulfh wuhqg  dqg zlwk wkh
ghfolqh ri wkh ulvn ri wkh up*v dfwlylw| 1
Zh foduli| wkhvh hhfwv e| wdnlqj lqwr dffrxqw wkh ulvn ri edqnuxswf|=
 wkh lqfuhdvh ri wkh edqnuxsf| frvw  ghfuhdvhv G+s,>
 wkh lqfuhdvh ri wkh FW udwh  orzhuv wkh hqgrjhqrxv edqnuxswf| sulfh s / zkdw lpsolhv
wkh lqfuhdvh ri G+s,>
 li +>  , > +3> 3, dqg s $ s /


- wkh lqfuhdvh ri G+s, lv lqyroyhg e| wkdw ri wkh yrodwlolw|  ru wkh lqwhuhvw udwh u +wkh
vhfrqg hhfw wdnhv lw rq wkh uvw rqh qhdu wkh edqnuxswf|,>
- wkh ghfolqh ri G+s, lv gxh wr wkh lqfuhdvh ri wkh frxsrq F +wkhuh lv d pd{lpdo ghew
3

ydoxh, ru wr wkdw ri wkh frvw sulfh wuhqg 1
Wkh rswlpdo frxsrq/ orzhu
wkh pd{lpdo 
frxsrq4; +F W ?Fmax,/ pd{lpl}h wkh surmhfw
 wkdq
 3q  
 3q 
. o   k R
@3
ydoxh Y +s, +46,= YTY(R) @ o 4  k R


+, F W @ s ^+4    , k` q 1

+48,

Zh hvwlpdwh wkh edqnuxswf| sulfh +45, iru wkh rswlpdo ixqglqj vwuxfwxuh=
k


l 

k(13 )q  q 
sW @ s (13o ) q 31q  ^+4    , k` q  @ s +4    , 
+,
4;

4@ * Y(ER
'
Y


o

3

E3q Q 
o
1

Li  W ' R dE 3 q   o Q

 3q Q

R

sW



k
@s
p


q

1

+49,
1

} ' f 'i 4@ ' R dE 3 q   }o Q 1
1

4@ ' R dE 3 q   }o Q

'i  : }/ vwloo yhulhg ehfdxvh q 
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61515

Wkh rswlpdo ixqglqj vwuxfwxuh 0

Wkh rswlpdo ixqglqj ghflvlrq ghqhv wkh rswlpdo sduw ehwzhhq htxlw| dqg ordq/ wkdw lv wkh
rswlpdo ohyhudjh1
Wkh rswlpdo ghew +46, lv hqgrjhqrxvo| ghwhuplqhg=
FW
G +s, @
u
W

+



4

FW
s

3q  ,
j =

Zh vxevwlwxwh wkh edqnuxswf| sulfh dqg wkh frxsrq e| wkhlu rswlpdo ydoxh +49, dqg +48,=


 4
4
j
W
q
4
1
G +s, @ s ^+4    , k`
u
+4    , k

Wr rewdlq wkh rswlpdo htxlw| ydoxh ru rswlpdo ohyhudjh/ zh kdyh wr fdofxodwh wkh rswlpdo
surmhfw ydoxh +43,= 
 W 3q  
W
Y W +s, @ s .  o 4  k R





+, Y W +s, @ s 4 . ^+4    , k` q 
1
u
  4

+4:,

Wkh rswlpdo htxlw| ydoxh lv wkxv htxdo wr=


j


4
4
W
W
W
q
1
4
  
H +s, @ Y +s,  G +s, @ s 4  ^+4    , k`
u
+4    , k
Zh h{suhvv wkh surshuwlhv ri wklv rswlpdo ohyhudjh=
OW @

GW +s,
@
Y W +s,

+4    , k  j
u ^+4    , k`

q  3
q

   k

? 41

Lw grhv qrw ghshqg rq wkh fxuuhqw frvw sulfh s1
Zh qg uhvxowv fruuhvsrqglqj wr wkrvh zdlwhg=
 wkh up kdylqj d ihz ru yhu| ulvn| +dffruglqj wr wkh ydoxh ri , dfwlylw| sd|v/ dw wkh
rswlpxp/ d kljkhu frxsrq wkdq d up ri zklfk dfwlylw| ulvn lv dyhudjh>
 dw wkh rswlpxp/ wkh ohyhudjh ri d ulvnlhu up lv dozd|v orzhu wkdq wkdw ri d ohvv ulvn| up>
 wkh rswlpdo ohyhudjh lv orzhu wkdq 433(/ hyhq zkhq wkh edqnuxswf| frvw lv }hur1 Wklv
uhvxow frqupv wkdw rewdlqhg e| Euhqqdq dqg Vfkzduw}^4<:;`1
Wkh hpslulfdo uhvxowv hvwdeolvkhg e| Ohodqg^4<<7` jlyh d rswlpdo ohyhudjh ydoxh=
4<
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 li wkh up*v dfwlylw| lv ihz ru dyhudjho| ulvn| dqg li wkh edqnuxswf| frvw  lv dyhudjh/
OW 5 ^:8(> <8(`>
 li wkh dfwlylw| ulvn dqg wkh edqnuxswf| frvw duh kljk dqg=
- li wkh FW udwh lv ri 68(/ OW 5 ^83(> 93(`>
- li wkh FW udwh lv ri 48(/ OW 5 ^8(> 58(`1
61516

Wkh rswlpdo ghflvlrq ri lqyhvwphqw 0

Wkh up lqyhvwv zkhq wkh ydoxh ri lwv lqyhvwphqw rswlrq lv htxdo wr wkh surmhfw ydoxh +frqwlqxdwlrq
frqglwlrq,=

Y W +sW , @ sW  N . F W  sW 1
u

+4;,

d, Wkh lqyhvwphqw uxoh
Wkh h{suhvvlrq ri wkh rswlpdoo| qdqfhg lqyhvwphqw rssruwxqlw| Y W +sW , lv dovr jlyhq e| +4:,1
Zh zulwh
q djdlq +4;,=
r
q

lr

 k
N
sW 4 . o ^+4    , k` q q 31q  @ sW 4 . 1o ^+4    , k` q     +4   , q 31q 
<
;
A
A
@
?
+4   ,  
N/
@, sW @ 
 
A
>
= 4     k(13 )q  q  ^   +4   ,` A

wkh wkuhvkrog sulfh ri dffhswlqj lqyhvwphqw/ zklfk lv srvlwlyh li=
3 A  A 


1
 +4   ,

Wkh ohyhuhg surmhfw ydoxh ghshqgv rq wkh lqyhvwphqw uxoh=
;
A 3 li s| 6 sW
A
?
zlwk GW +s| , @ 3>
W
r
q

Y| @
A s 4 . o ^+4    , k` q q q 31 li s0 A sW

q
A
= zlwk GW +s, @ s ^+4   , k` q 1 4  1


o

(13q 
)

}


r

1

e, Wkh rswlrq suhplxp 
Wkh rswlrq suhplxp ydoxh lv htxdo wr wkh glhuhqfh ehwzhhq sW dqg sWT  =
@ 

4   

+4   ,  
4
1

 
4

q
^    +4   ,`

k(13 )q 

Zh qg wkh vdph frqfoxvlrqv dv lq wkh suhylrxv fdvh= wkh ydoxh ri wkh pxowlsoh ri wkh ydoxh ri
zdlw/ zklfk lv wkdw ri wkh h{lelolw| ohiw zlwk wkh up lq wkh wlplqj ri lwv lqyhvwphqw dqg lwv
qdqflqj/ fdq eh orzhu wkdq wkh xqlw|1
Wkh sulfh wkuhvkrog ri lqyhvwphqw=
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 lqfuhdvh zlwk wkh edqnuxswf| frvw>
 ghfuhdvh zkhq wkh FW udwh lqfuhdvhv=


- li 2 .   4  2   +4 . ,  . 2 ? 3>


- ru li 2 .   4  2   +4 . ,  . 2 A 3 hw 3 A   A


(13k) 2 +k
(k2 +k31) 2 3k(1+k) +k

2

>

dqg lqfuhdvh zlwk wkh FW udwh=


- li 2 .   4  2   +4 . ,  . 2 A 3 hw   ?

 ghfuhdvh/ dv wkh

(13k) 2 +k
(k2 +k31) 2 3k(1+k) +k

2

? 3>

h{lelolw| ydoxh ri wkh up/ zkhq   lqfuhdvhv/ l1h1 zkhq wkh ulvn 
3

lqfuhdvhv dqg zkhq wkh ulvn0iuhh lqwhuhvw udwh u ru wkh wuhqg  ghfuhdvh1

Sursrvlwlrq 5 Rq wkh srro/ wkh frpshwlwlyh up lqyhvwv eh|rqg d sulfh wkuhvkrog sW zklfk fdq
eh orzhu/ pruh htxdo ru vxshulru wr wkdw ghwhuplqhg lq wkh fhuwdlq fdvh sWT  1
Wkh rswlrq suhplxp  fdq eh qhjdwlyh1 Wkh up lqyhvwv lq d qhjdwlyh QSY surmhfw wr nqrz/
uljkw qrz/ wkh wd{ udwh dqg wkh wudqvihu frvw ri lwv dvvhw dqg wr ghqh vr lwv ixqglqj vwuxfwxuh1

3

Fruroodu| 6 Wkh rswlrq suhplxp  ghfuhdvhv zkhq wkh frvw sulfh wuhqg  dqg wkh lqwhuhvw udwh
u ghfuhdvh1 Lw dovr orzhuv iru dq lqfuhdvh ri wkh ulvn ri wkh up*v dfwlylw| 1 Wkh lqyhvwphqw
wkuhvkrog sW jhwv forvhu wr wkdw ghwhuplqhg lq wkh fhuwdlq fdvh sWT  1
Li wkh up fdq qdqfh lwv surmhfw e| d ordq/ zh qrwlfh wkdw lwv lqyhvwphqw wkuhvkrog sWT 
+ghqhg e| +:,, lv {hg dffruglqj wr wkh ydoxhv ri wkh udwh ri FW  dqg wkh frvw ri edqnuxswf| 1
Lq xqfhuwdlqw|/ wkh wkuhvkrog ri uhohdvh ri wkh lqyhvwphqw sW vwloo ghshqgv rq wkhvh wzr h{rjhqhrxv
yduldeohv lq wkh prgho/ exw dovr sdudphwhuv ri wkh hyroxwlrq ri wkh frvw sulfh udwh1 Wkh idfw wkdw
wkh lqyhvwphqw wkuhvkrog sW lv yduldeoh zlwk uhjdug wr wkh wkuhvkrog ghwhuplqhg e| wkh QSY uxoh
dqg ghshqgv rq ydoxhv ri wkh ydulrxv sdudphwhuv/ fkdudfwhul}hv wkh uhyhuvlelolw| ri wkh lqyhvwphqw
rssruwxqlw|1 Dq rswlrq suhplxp ydoxh fdq eh qhjdwlyh/ srvlwlyh ru }hur ehfdxvh wkh luuhyhuvleoh
surmhfw ehfrphv uhyhuvleoh +fi1 Deho dqg do1^4<<9`/ Gl{lw dqg Slqg|fn^4<<;`, zkhq lwv qdqflqj
lv wdnhq lqwr dffrxqw1

7
714

Frqfoxvlrqv dqg h{whqvlrqv
Frqfoxvlrqv

Lq wklv prgho/ zh fkdudfwhul}hg wkh ghuhjxodwlrq e| wkh xqfhuwdlqw| ri wkh yduldwlrq udwh ri wkh
frvw sulfh1 Ixuwkhupruh/ lq wklv hqylurqphqw/ wkh up uhvruwv wr ghew wr qdqfh lwv lqyhvwphqw1
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Wkh up kdv wkh rssruwxqlw| wr lqyhvw lq d qxfohdu htxlsphqw zklfk lv frpsdudeoh wr d uhdo
rswlrq1 Wklv lqyhvwphqw lv d wrwdoo| luuhyhuvleoh rswlrq wr ghihu li lw lv xqohyhuhg/ l1h1 lq wkh
k|srwkhvlv ri Prgljoldql0Ploohu^4<8;` ri vhsdudwlrq ri lqyhvwphqw dqg qdqflqj ghflvlrqv1 Lq
qdqfh/ wklv k|srwkhvlv lv txhvwlrqhg e| wkh wudgh0r wkhru| zklfk sxwv lq prwwr wkh lqwhudfwlrq
ehwzhhq wkh lqyhvwphqw dqg qdqflqj ghflvlrqv1 Zh xvh wklv wkhru| wr hvwlpdwh wkh lqyhvwphqw
rssruwxqlw| dv zhoo dv lwv ghew/ ehfdxvh wkh up hvwdeolvkhv wkh frusrudwh qdqflqj vwuxfwxuh wr
lvrodwh ulvn1
Zh qrwlfh wkdw wkh rswlpdo ghew lqfuhdvhv wkh surmhfw ydoxh zlwk uhjdug wr wkh xqohyhuhg
surmhfw ydoxh/ ehfdxvh wkh ghew lqwhuhvwv duh ghgxfwleoh iurp wd{hv dqg ehfdxvh wkh htxlsphqw
lq txhvwlrq fdq eh jlyhq xs1 Wkh uhdo rswlrq lv qrw dq|pruh dq rswlrq ri ghihu/ ghqhg e| wkh
fkrlfh whupv lq vhoi0qdqflqj= zdlw ru lqyhvw1 Wkh frqvlghudwlrq ri wkh rswlpdo ohyhudjh dggv
d qdqfldo sxw rswlrq wr wkh uhdo fdoo rswlrq zklfk lqfuhdvhv wkh rssruwxqlw| ydoxh= wkhuh duh
pxowlsoh lqwhudfwlqj rswlrqv1 Wklv sxw hvwlpdwhv wkh h{lelolw| ri wkh vhwwohg surmhfw/ l1h1 wkdw
lw ghqhv wkh fdsdflw| ri wkh up*v uhdfwlrq lq iurqw ri xqfhuwdlq hyhqwv1 Lw lv h{huflvhg iru d
wudqvihu sulfh ri wkh dvvhw zklfk lv wkh hqgrxjhqrxvo| ghqlwh edqnuxswf| sulfh s 1
Zh vkrz wkdw wkh lqwurgxfwlrq ri wkh rswlpdo ghew prglhv wkh rswlrq suhplxp ydoxh= lw lv
qrw vwloo srvlwlyh dq|pruh/ ydoxh zklfk ghqhv d wrwdoo| luuhyhuvleoh rssruwxqlw|1 Dq rswlpdoo|
ohyhuhg surmhfw lv sduwldoo| uhyhuvleoh1 Wkh srvvlelolw| wkdw wkh rswlrq suhplxp ydoxh lv qhjdwlyh
uhyhdov wkdw wkh ohyhuhg lqyhvwphqw rssruwxqlw| lv sduwldoo| uhyhuvleoh1 Lqghhg/ wkh ordq lpsolhv
wkh h{lvwhqfh ri d edqnuxswf|/ d srvvlelolw| ri wkh dvvhw*v wudqvihu wr wkh erqgkroghuv1
Wkh suhplxp rswlrq ydoxh  lq wkh wudgh0r wkhru|=

Ilup

Xqohyhuhg

Rswlpdoo| ohyhuhg

Ydoxh 

A4

 @B

Fdslwdo

luuhyhuvleoh

sduwldoo| uhyhuvleoh

Wkh up zdlwv ehiruh lqyhvwlqj xqwlo lwv surmhfw ydoxh frpshqvdwhv iru wkh zdlw ydoxh ri
vxssohphqwdu| lqirupdwlrq derxw wkh ixwxuh pdunhw frqglwlrqv1 Wklv lqirupdwlrq dovr frqfhuqv
lwv qdqflqj frqglwlrqv1
Zkhq wkh rswlrq suhplxp ydoxh lv qhjdwlyh/ lw phdqv wkdw wkh up lqyhvwv iru qhjdwlyh
QSY surmhfw1 Urehuwv dqg Zhlw}pdq^4<;4` lqwhusuhwhg wklv up*v dqwlflsdwlrq dv wkh idfw wkdw
lw wulhv wr krog d fhuwdlq lqirupdwlrq lq wkh ixwxuh1 Wklv lqirupdwlrq frqfhuqv lwv qdqflqj
fkdudfwhulvwlfv= wkh wd{ udwh dqg wkh wudqvihu frvw ri wkh dvvhw/ erwk lpshuihfwlrqv ri wkh fdslwdo
pdunhwv khog e| wkh wudgh0r wkhru| zklfk lpsrvh xsrq wkh up1 Lw ghwhuplqhv lwv edqnuxswf|
sulfh dqg wkh sxw ydoxh rq wkh up*v htxlw|1 Wkh qxfohdu rssruwxqlw| frqvlvwv ri wzr rswlrqv1
Wkh uhdo rswlrq lv h{huflvhg zkhq wkh surmhfw lv djuhhg dqg ohg wkh up wr ex| dq sxw rq lwv
htxlw| e| frqwudfwlqj lwv ghew1 Rqfh wkh hvwlpdwhg sxw/ zh ghgxfw wkh lqyhvwphqw uxoh1 Zh
suryh wkdw wkh ghew fdq ohdg wkh up wr dqwlflsdwh wkh fulwhulrq ri QSY1
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71414

H{whqvlrqv

Wkh glylghqgv sd|phqw wr wkh vkduhkroghuv 0 Zh sxw xqwlo qrz wkh k|srwkhvlv ri Euhqqdq
dqg Vfkzduw}^4<:;` wkdw wkhuh lv qr qhw fdvk rz*v h{lw/ qrwdeo| ehfdxvh glylghqgv duh qdqfhg
e| lvvxlqj qhz dfwlrqv lq dq dprxqw htxdo wr wkdw ri dq| vxssohphqwdu| glylghqg glvwulexwlrq
+k|srwkhvlv yhulhg rq d shuihfw fdslwdo pdunhw,1 Exw wkhvh fdvk rz h{lwv h{lvw lq lpshuihfw
pdunhw ri wkh fdslwdo= wkh| lqfoxgh glylghqgv sdlg wr wkh erqgkroghuv/ dqg2ru lqwhuhvw sd|phqwv
diwhu wd{/ wkdw uhpdlq orzhu wkdq wkh qdqflqj e| htxlw|1 Ilupv dgrsw d srolf| ri {hg glylghqg1
E| ghqlqj d {hg wdujhw sd|rxw udwlr/ wkh| dvvxuh wkh glylghqg frqvwdqf|/ ru dw ohdvw lwv judgxdo
hyroxwlrq1
Li zh dgplw +iroorzlqj Ohodqg ^rq 4<<7`, wkdw wkh qhw fdvk rzv h{lw lv iurp d sursruwlrqdo
ydoxh wr wkh dvvhw ydoxh/ wkh fdvk rzv hyroxwlrq +5, ehfrphv htxdo wr=

gs 3
@   g gw . g}/
s|
zkhuh g fruuhvsrqgv wr glylghqgv sdlg wr wkh erqgkroghuv/ wklv sursruwlrq ghshqglqj rq wkh
ghew frxsrq F1
Li g A 3 +wkh glylghqg rz fdq eh {hg zlwk uhjdug wr wkh frqvwdqw frxsrq,/ g @ +4 ,F .f/
f {hg,/ wkh rswlpdo ohyhudjh ghfuhdvhv1
Wkh h{lvwhqfh ri srwhqwldo djhqf| sureohpv 0 Wkh fxuuhqw ghew udwh xfwxdwhv durxqg
wkh wdujhw uhwxuq udwh1 Wklv yduldwlrq wdnhv wkh vkdsh/ lq wkh devhqfh ri qhjlrwldwlrq frvw/ ri
frqwlqxrxv dgdswdwlrqv ri wkh ghew frxsrq F vr dv wr pd{lpl}h wkh up*v ydoxh zkhq wkh frvw
sulfh ydulhv1Wkh ghew frxsrq lv qrw wlph0lqghshqgdqw dq|pruh1 Qr uhsxufkdvh +ru lvvxh, ri
ghew ehlqj zlvkhg e| wkh vkduhkroghuv +ru wkh erqgkroghuv,/ lwv dgmxvwphqw lv pdgh e| ghew
uhqhjrwldwlrq= lw wdnhv lqwr dffrxqw djhqf| frvwv1

Uhihuhqfhv
^4` Deho D1E1^4<;6`/ Rswlpdo lqyhvwphqw xqghu xqfhuwdlqw|/ Dphulfdq hfrqrplf uhylhz :6/
55;0566
^5` Deho D1E1 dqg Hehuo| M1F1^4<<:`/ Dq h{dfw vroxwlrq iru lqyhvwphqw dqg ydoxh ri d up
idflqj xqfhuwdlqw|/ dgmxvwphqw frvwv/ dqg luuhyhuvlelolw|/ Mrxuqdo ri hfrqrplf g|qdplfv dqg
frqwuro 54/ ;640;85
^6` Deho D1E1 dqg Hehuo| M1F1^4<<9`/ Rswlpdo lqyhvwphqw zlwk frvwo| uhyhuvlelolw|/ Uhylhz ri
hfrqrplf vwxglhv 96 q 7/ 8;408<6
^7` Deho D1E1/ Gl{lw D1N1/ Hehuo| M1F1 dqg Slqg|fn U1V1^4<<9`/ Rswlrqv/ wkh ydoxh ri fdslwdo/
dqg lqyhvwphqw/ Txduwhuo| mrxuqdo ri hfrqrplfv F[L q 6/ :860:::
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^8` Dnhuori J1^4<:3`/ Wkh pdunhw ri ohprqv= txdolw| xqfhuwdlqw| dqg wkh pdunhw phfkdqlvp/
Txduwhuo| mrxuqdo ri hfrqrplfv ;</ 7;;0833
^9` Eodfn I1 dqg Fr{ M1^4<:9`/ Ydoxlqj frusrudwh vhfxulwlhv= vrpph hhfwv ri erqg lqghqwxuh
surylvlrqv/ Mrxuqdo ri qdqfh 64/ 684069:
^:` Euhqqdq P1 dqg Vfkzduw} H1^4<;8`/ Hydoxdwlqj qdwxudo uhvrxufh lqyhvwphqwv/ Mrxuqdo ri
exvlqhvv 8; q 5/ 468048:
^;` Euhqqdq P1 dqg Vfkzduw} H1^4<:;`/ Frusrudwh lqfrph wd{hv/ ydoxdwlrq/ dqg wkh sureohp ri
rswlpdo fdslwdo vwuxfwxuh/ Mrxuqdo ri exvlqhvv 84 q 4/ 4360447
^<` Fdedoohur U1M1^4<<4`/ Rq wkh vljq ri wkh lqyhvwphqw0xqfhuwdlqw| uhodwlrqvkls/ Dphulfdq
hfrqrplf uhylhz ;4 q 4/ 5:<05;;
^43` GLJHF^4<<:`/ Ohv frþwv gh uìiìuhqfh hq surgxfwlrq ìohfwultxh/ vrxv od gluhfwlrq gh Edwdlo
M1/ Plqlvwëuh gh o*ìfrqrplh/ ghv qdqfhv hw gh o*lqgxvwulh/ Vhfuìwduldw g*Hwdw ã o*lqgxvwulh/
GJPS
^44` Gl{lw D1N1^4<<8`/ Luuhyhuvleoh lqyhvwphqw zlwk xqfhuwdlqw| dqg vfdoh hfrqrplhv/ Mrxuqdo ri
hfrqrplf g|qdplfv dqg frqwuro 4</ 65:0683
^45` Gl{lw D1N1 dqg Slqg|fn U1V1^4<<;`/ H{sdqglelolw|/ uhyhuvlelolw|/ dqg rswlpdo fdsdflw| fkrlfh/
QEHU zrunlqj sdshu q 96:6
^46` Gl{lw D1N1 dqg Slqg|fn U1V1^4<<7`/ Lqyhvwphqw xqghu xqfhuwdlqw|/ Sulqfhwrq xqlyhuvlw|
suhvv/ Sulqfhwrq
^47` Juhhq U1^4<;7`/ Lqyhvwphqw lqfhqwlyhv/ ghew dqg zduudqwv/ Mrxuqdo ri qdqfldo hfrqrplfv
46/ 4480469
^48` Kduulv P1 dqg Udyly D1^4<<4`/ Wkh wkhru| ri fdslwdo vwuxfwxuh/ Wkh mrxuqdo ri qdqfh [OYL
q 4/ 5<:0688
^49` Ohodqg K1H1^4<<7`/ Frusrudwh ghew ydoxh/ erqg fryhqdqwv/ dqg rswlpdo fdslwdo vwuxfwxuh/
Wkh mrxuqdo ri qdqfh [OL[ q 7/ 454604585
^4:` Ohvfrhxu E1 dqg Shq} S1^4<<<`/ Od sureoìpdwltxh gx qdqfhphqw ghv lqyhvwlvvhphqwv
ìohfwurqxfoìdluhv/ Uhyxh g*ìfrqrplh qdqflëuh 84/ Oh qdqfhphqw ghv lqiudvwuxfwxuhv/ 49:0
4;5
^4;` Pdxhu G1F1 dqg Wuldqwlv D1M1^4<<7`/ Lqwhudfwlrqv ri frusrudwh qdqflqj dqg lqyhvwphqw
ghflvlrqv= d g|qdplf iudphzrun/ Wkh mrxuqdo ri qdqfh [OL[ q 7/ 4586045::
^4<` PfGrqdog U1 dqg Vlhjho G1^4<;9`/ Wkh ydoxh ri zdlwlqj wr lqyhvw/ Wkh txduwhuo| mrxuqdo ri
hfrqrplfv FL q 6/ :3:0:5:
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^53` Phuwrq U1F1^4<::`/ Rq sulflqj ri frqwlqjhqw fodlpv dqg wkh Prgljoldql0Ploohu wkhruhp/
Mrxuqdo ri qdqfldo hfrqrplfv 8/ 574057<
^54` Prgljoldql I1 dqg Ploohu P1K1^4<8;`/ Wkh frvw ri fdslwdo/ frusrudwlrq qdqfh dqg wkh wkhru|
ri lqyhvwphqw/ Dphulfdq hfrqrplf mrxuqdo 7; q 6/ 59405<:
^55` P|huv V1F1^4<::`/ Ghwhuplqdqwv ri frusrudwh eruurzlqj/ Mrxuqdo ri qdqfldo hfrqrplfv 8/
47:04:8
^56` Slqg|fn U1V1^4<;;`/ Luuhyhuvleoh lqyhvwphqw/ fdsdflw| fkrlfh dqg wkh ydoxh ri wkh up/
Dphulfdq hfrqrplf uhylhz :; q 8/ <9<0<;8
^57` Urehuwv N1 dqg Zhlw}pdq P1^4<;4`/ Ixqglqj fulwhuld iru uhvhdufk/ ghyhorsphqw dqg
h{sorudwlrq surmhfwv/ Hfrqrphwulfd 7< q 8/ 4594045;;
^58` Vplwk Z1W1^4<<7`/ Lqyhvwphqw/ xqfhuwdlqw| dqg sulfh vwdelol}dwlrq vfkhphv/ Mrxuqdo ri
hfrqrplf g|qdplfv dqg frqwuro 4;/ 89408:<
^59` Wuljhrujlv O1^4<<9`/ Uhdo rswlrqv/ Wkh PLW suhvv/ Fdpeulgjh/ Pdvvdfkxvhwwv
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1 Introduction
In the recent past, the research area of real options theory (ROT), in which
researchers and practioners together are trying to seize and measure the construct
of managerial flexibility, has gained increased importance (Stark (2000), p. 313).
Although already known for a notable time in finance (Kester (1984);
McDonald/Siegel (1986)), ROT roused the attention of more and more
researchers from other business disciplines such as strategy (Amram/Kulatilaka
(1999a); Amram/Kulatilaka (1999b)) or marketing (Hommel/Ludwig (1999);
Kühn/Fuhrer (2001)). In addition to analysing the impact of ROT on a functional
level, research also focuses on the identification of potential application areas on
an industry level. In this context on the one side it is argued that the application of
ROT is especially valuable for those industries, in which investments are
characterised by a high degree of uncertainty and irreversibility (Meise, 1998, pp.
6). On the other side it is stated that the broadcasting industry and especially its
television segment can be interpreted as such a business environment and that the
digital convergence’s impact even increases the complexity and dynamics faced
by the relevant decision makers (Bughin, 2001, p. 64). As a consequence it is
assumed that the application potential for ROT in the business context of the
broadcasting industry is especially high.
The objective of our conceptual paper originates from this assumption as we want
to analyse if and in what areas the application of ROT on the broadcasting
industry is indeed advisable. Our paper’s further proceeding is consistent with this
objective and divided into three parts. In chapter two we will outline ROT as the
theoretical foundation of our paper with respect to our specific concern. In chapter
three we will analyse the research context of the broadcasting industry and
thereby answer our research objective as stated before. Chapter four closes our
analysis by offering the paper’s conclusion and a discussion concerning further
research.

2 Theoretical foundation: real options theory
In this chapter we will give an overview of our understanding and classification of
real options and subsequently substantiate uncertainty and irreversibility as the
abstract determinants of the relevance of action flexibility.
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2.1 Classification of real options
Real options refer to different forms of action flexibility (Kulatilaka, 1995b, pp.
99-104), whereat we define the latter as “(…) the ability to change or react with
little penalty in time, effort, cost or performance” (Upton, 1994, p. 73). In this
paper we categorise the different forms of action flexibility as learn options,
expansion options, assurance options and growth options.
Learn options allow a firm to tie its resource allocation to the solution of projectrelated risk and are associated to a point of time before the actual investment takes
place, respectively is completed. Lern options can be subdivided into options to
wait and options to stage investments. Options to wait allow a company to
postpone the actual investment decision as the potential investment opportunity
sustains for a certain period. During this time period new information can arise,
reduce the project-related uncertainty and therefore change the economic
feasibility of an investment. Waiting options result from the timely acquisition of
licences, patents or other rights, which exclude competitors temporary or
permanently from the focal investment opportunity. Options to wait can be
understood as call options. Options to stage investments refer to the fact that most
investments don’t necessarily have to be financed by a single up-front outlay, but
can be financed by a sequence of smaller amounts. In this sense companies have
the possibility to refrain the further investments, if the costs for the next
investment stage surmount the value of the continuing project. As a consequence
options to stage investments can be interpreted as compound options (options on
options). In this context each partial amount corresponds to the exercise price for
acquiring the sequential option.
Expansion options and assurance options refer to forms of action flexibility, that
exist during and after the actual investment phase and are related to an existing
project. Expansion options empower a company to increase its economic activity,
i.e. to expand production or distribution, depending on a positive development of
the relevant economic parameter. Expansion options can be viewed as call
options.
Contrarily, assurance options permit management to react to a negative
development of the economic parameter with a reduction or modification
(switching options) of its economic activity. Concerning the reduction, depending
on its magnitude we distinguish between options to contract, options to shut down
2
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and restart as well as options to abandon. The mentioned options can be
interpreted as put options. Within the switching options, we further differentiate
between options that allow a switch of the input factor and those options that
enable management to produce alternative products.
Growth options refer to a time frame after the investment phase and refer to
qualitatively innovative products. Growth options are of enormous strategic
importance as a project might not appear profitable as a stand alone project, but
may enable profitable future investments. The main value of growth options is
therefore not related to the project’s own cash flows, but to those of the potential
future projects. Growth options can be viewed as call (compound) options.

2.2 Drivers of the relevance of real options
In our paper the relevance of action flexibility, resp. real options is interpreted as
management’s ex ante perception of the ratio between the expanded net present
value (NPV), respectively the NPV including the consideration of action
flexibility and the traditional NPV, respectively the NPV without the
consideration of action flexibility. In this sense the relevance of action flexibility
is high if the relevant decision makers estimate the investment to have a high
option value component and therefore think that the disregard of the inherent
action flexibility could lead to grave misinvestments.
The starting point of our analysis concerning the relevance of action flexibility is
the awareness that an investment decision is trivial only in two cases (Meise 1998,
pp. 6-11). Firstly, it is if the decision maker is perfectly informed with respect to
all of the relevant data, because in this case the decision can be reduced to the
simple calculation of the best alternative. Supplementary changes are not
necessary. Secondly, the investment decision is trouble-free if the focal decision is
completely reversible, that means if the decision can be revised without any costs.
In those two scenarios action flexibility is of no specific use and could be
neglected. The reverse means that the relevance of action flexibility for a decision
context is determined by the combination of the degree of uncertainty and
irreversibility. In the proceeding we therefore substantiate those abstract
determinants of the relevance of action flexibility.
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2.2.1 Uncertainty
With respect to the underlying reasons for uncertainty one can distinguish
between complexity and dynamics. Complexity is point of time related and refers
to the fact that the large number of relevant variables can assume different states
and that their interdependencies change on the basis of those individual state
configurations (Duncan, 1972, pp. 313-327). Dynamics results from the instance,
that the states of the variables and the latters’ interrelations are instabile over time.
It can therefore be interpreted as complexity over time. The dynamics of a specific
context is mainly influenced by the frequency, the intensity and the irregularity of
the variable changes (Kieser/Kubicek, 1983, p. 319).
If a company wants to analyse the parameter value of a specific investment
context’s complexity and dynamics as a whole, it first of all has to identify the
different textual sources of uncertainty. In this paper we consider the uncertainties
concerning the consumers’ preferences and needs, the actions of competitors and
the technological development as the most important textual sources
(Micalizzi/Trigeorgis, 1999, pp. 2-5).
Uncertainties with respect to the consumers are certainly most important as it is
the primary goal of every company to interact with and sell their goods to their
customers. In this context it has to be mentioned that depending on the considered
goods, companies as well as consumers have to some extent measures, like e.g.
screening or signaling activities, to reduce uncertainty. Within screening (Stiglitz,
1974, pp. 28-44), in which the less informed exchange party takes the initiative,
one can distinguish between two versions. The activity of examination refers to a
detailed analysis of the relevant variables through the less informed party,
although it has to be mentioned that not all goods are equally accessible for such
an inquiry. The activity of self selection aims on getting the better informed party
to classify itself and in this context reveal the desired information. Signaling
(Spence, 1973, p. 357) also refers to information transfers from the better to the
less informed party, but this time the initiative stems from the better informed
exchange party. In the consequence the amount of consumer related uncertainty is
highest in those industries, where the consumer preferences and needs are
statically very heterogenous and dynamically very volatil and where the goods
produced give companies (and consumers) none or only limited room for reducing
the uncertainties through the measures of screening and signaling.
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Uncertainties concerning the competitors result from the instance that strategic or
tactical moves like e.g. aggressive price competition, introduction of innovative
products or merger’s and acquisisition can have a huge effect on the market
demand for a company’s product, especially in oligopolistic industries.
The uncertainties concerning the further development of the existing and the
occurrence of new technologies, is closely related to the competitive uncertainty
as the combination of different technological factors can lead to a loss in
competitive advantage. In this context is has to be mentioned that especially the
process of technological innovation is per definitionem uncertain and that
therefore one challenge for companies refers to the optimal timing of investment
decisions in the innovation process.

2.2.2 Irreversibility
The degree of an investment project’s irreversibility is mainly due to the amount
and character of a company’s fixed costs and therefore determined by two forces,
its operating risk and the degree of the reselling potential of the involved
resources.
The operating risk refers to this part of the variability of a company’s profit that
results from its operating structure and is mainly driven by a company’s ratio of
fixed and variable costs (Micalizzi/Trigeorgis, 1999, p. 2). In this sense it is
widely accepted that a firm structure with a prevalence of fixed costs is ceteribus
paribus rigid and difficult to modify if the relevant economic conditions change.
In this context, the strength that the volatility of sales has for a company’s
operating results is referred to as its operating leverage.
The second force that drives an investment’s irreversibility is the degree up to
which the invested resources can be sold efficiently. In this context Pyndick
(Pyndick, 1991, pp. 1110-1111) differentiates between the specificity of an
investment, the efficiency of the second hand markets for the considered
resources, political and legal regulations and the pressure from the public.
One of the most important reasons for the irreversibility of an investment is its
specificity. In this context we understand specificity as the degree up to what
resources are specially designed or located for a particular use or user (Masten,
1986, p. 494). The degree of specificity is measured by the amount of the quasirent, which labels the difference between the return of the invested ressources in
5
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the considered disposition and the return in the best utilisation opportunity outside
the focal disposition (Klein/Crawford/Alchian, p. 298). Furthermore we
differentiate between different forms of specificity, namely industry specificity
and firm specificity. An example for industry specific investments are steel
producing facilities as they can only be used to produce steel. Although the
equipment in general could be sold to other steel companies, especially in
competitive industries the investment costs can mostly be viewed as irreversible
as the value of the equipment will be about the same to all companies. As a
consequence there is likely to be little gained by selling the resources. Firm
specificity refers to those investments that are only of use for a specific company.
Possible good examples can be found in human capital investments (knowledge
transfer in trainings) or brand capital investments (brand or product specific
investments). Those investments can’t be reversed by selling them to competitors.
Another important driving force for the irreversibility of an investment is the
degree of efficiency of the second hand markets for the involved resources. In this
context especially the problem area of adverse selection is of great importance. In
his famous acticle, Akerlof (Akerlof, 1970, pp. 488-500), building on the insights
of information economics and principal-agent-theory explains the “lemon
problem” in the market for used cars. The basis of his description is a market with
heterogenous quality characteristics, which can’t be identified by the buyer
(principal) before the conclusion of the contract (quality uncertainty) and can’t be
influenced by anyone at the point of the contract’s conclusion. As a consequence
the buyer is not able to assess the quality of a good in a differentiated way and
consequently only pays a price which amounts to the subjectively assumed
average price. The sellers (agents) of goods with a higher than average quality
will not accept this price and leave the market. As a consequence the average
quality decreases and even more high quality sellers withdraw from the market.
The last consequence of this phenomenon is the collapse of the market. On
markets with such a “lemon problem” even non-specific goods, like officeequipment, cars or computers can only be sold well below their investment costs
As mentioned before other reasons for irreversibility can be found in regulations.
In this sense capital control mechanisms can prohibit the selling of foreign direct
investments or working law regulations can make human capital investments
(temporary) irreversible. Furthermore, sometimes even the public opinion can
6
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cause investments to be irreversible, e.g. in the case when a company wants to sell
its pollution control equipment.

3 Real options theory and the broadcasting industry
In this chapter we first of all analyse if the application of ROT to the broadcasting
industry in principal is advisable. Hence, we will examine the respective
parameter values of uncertainty and irreversibility for this context. Afterwards we
will deepen our analysis by highlighting potential application areas for ROT on
the basis of the different segments of the broadcasting industry’s value chain.

3.1 Relevance of real options in the broadcasting industry
Analogous to the preceding chapter we will differentiate our analysis regarding
the relevance of real options in the broadcasting industry with respect to the
parameter value of its uncertainty and its irreversibility

3.1.1 Uncertainty
In this section we will, in accordance to the above described differentiation, focus
on the parameter values of uncertainties concerning the consumers’ preferences
and needs, the actions of competitors and the technological development. In this
context we will firstly focus on uncertainties with respect to the traditional
broadcasting business and will then highlight the digital convergence’s impact on
the overall amount of uncertainty.
Concerning the uncertainty regarding the consumer preferences and needs, the
most significant characteristic of the broadcasting industry is that there is no direct
relationship between the broadcasting company and the recipient (Zerdick et al.,
1999, p. 55). Rather it is an indirect and anonymus, only through audience
research institutions mediated relationsship. Therefore the focal uncertainties are
per se very high, especially as there are no objective quality criteria for
broadcasting products. As a consequence the affected companies can’t utilise the
measures of signaling and screening. Furthermore the audience is usually very
volatile since it is composed of a wide range of socio-demographic segments, with
widely heterogenous tastes. In addition the different preferences of the audience
change rapidly and formats that used to attract viewers just a couple of month
before, aren’t working any more (i.e. reality formats). Although competition
7
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concerning the audience traditionally is national or language specific, the different
markets are already characterised by a strong competitition with continuously
shifting market shares between the different governmental and private
broadcasting stations. In addition the procurement market has always been global,
wherefore the overall uncertainty regarding the competition, especially after the
privatisation wave in Europe, is very high. Regarding the impact of technological
development we can state that in the past particularly the distribution segment of
the broadcasting industry’s value chain has been strongly affected by major
technological changes, i.e. cable TV or satellite-TV. However, especially in
comparison to the before described uncertainties regarding the audience’s
preferences, the share that the technological uncertainty has in the overall
complexity and dynamics was relatively low so far.
With the phenomenon of digital convergence becoming reality the relevance of
technological uncertainty increases dramatically, thereby strongly influencing the
other two categories of uncertainty. In this context especially the digitisation and
the internet are expected to increase the average uncertainty in the broadcasting
industry (Bughin, 2001, 69-71). Signal digitisation which has already been
deployed in different markets, increases the capacity of channels significantly and
enables new interactive services. With respect to the program diversity,
digitisation presumably will increase the number of semi-generalist and thematic
channels. As a consequence the audience will have a far wider variety of
programs, which will lead to an even further fragmentation of the audiences. With
respect to the internet, broadcasting executives have to take into consideration that
a possible shift of leisure-time activity from the television to the internet in the
long term puts pressure on the advertising attractiveness of broadcast media to
advertisers. On the other hand the internet can serve as an additional distribution
channel to syndicate a broadcaster’s content to consumers.
Overall we can summarise that the level of uncertainty in the broadcasting
industry is very high and will increase even further in the future.

3.1.2 Irreversibility
Companies in the broadcasting industry in general have a very high operating risk.
This is due to the fact, that a very large portion of a broadcasting company’s total
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costs refers to infrastructure and program purchasing, resp. production
investments as well as marketing expenditures, all costs which are fixed in nature.
Furthermore, the reselling potential of the resources invested is very low. In
general, all of them are only of use in this particular industry and because of the
intense competition can’t be sold profitable to other stations. In this sense it is
unlikely that existing equipment or content formats which haven’t been profitable
for one station will be profitable for another. In addition broadcasting content is
usually sold in company specific bundles. Another reason for the low reselling
potential of broadcasting products can be found in the before mentioned missing
of objective quality criteria wherefore the price fixation for formats is difficult.
Furthermore until its completion the costs of producing a company’s own content
are even more specific. The value of the “raw material” of the invested intangible
resources, brought in by journalists and actors, can’t be sold at all until the
completion of a product and later on are also very firm-specific. Marketing
expenditures are also classical examples for firm-specific investments as they
can’t be reversed by selling them to competitors. Moreover the prevailing share of
human capital in combination with labour law regulations further enhances the
degree of irreversibility.
Altogether we can resume that investments in the broadcasting industry are not
only characterised by a high amount of uncertainty, but also by a high degree of
irreversibility. As a consequence the relevance of action flexibility is especially
high and the application of ROT onto this specific context seems advisable.

3.2 Real options in the value chain of the broadcasting
industry
In this chapter we want to deepen the analysis concerning the relationship of ROT
and the broadcasting industry by examining which real options are of relevance in
the different segments of the broadcasting’s value chain. Therefore we focus on
the constituting segments of procurement, production, programming, distribution
and end devices

3.2.1 Procurement
The procurement phase in the broadcasting value chain refers to the installation of
the necessary infrastructure equipment, the procurement of (bundles of) ready for
9
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use broadcasting formats and the acquisition of rights, necessary for beginning
with an own production.
In this context especially learn options are of relevance. With respect to the
tangible and intangible infrastructure they mainly refer to options to stage an
investment as most of these investments don’t necessarily have to be financed by
a single-up front outlay, but can be splitted. Options to stage an investment are
also very important with respect to the sourcing of telecasts. This is due to the fact
that usually broadcasting companies don’t have to buy all sequels at once, but can
rather decide from season to season. In contrast options to wait most notably refer
to rights for the production of own content, e.g. the possibility to postpone the
start of the production of a movie or its sequel.

3.2.2 Production
Within the production phase, broadcasting companies (co-) produce content on
the basis of the rights acquired in the procurement phase. In doing so the
companies usually possess options to stage investments. In this sense the normal
production process is divided into the pre-production, the actual production and
the post-production process and broadcasting companies can decide whether to
continue or not with the project at any point of time. With respect to telecasts
produced by the broadcasting company, the production segment contains also
assurance options as the company can (temporary) abandon the production of
sequels due to a negative viewer’s response. Furthermore some broadcasting
formats contain expansion options as its production volume can easily be
increased due to a surprisingly positive development of the audience’s appeal (e.g.
talkshows or late-night shows). The production segment can also hold growth
options, which exist if the additional production volume is not related to the same,
but to new formats. A possibly good example can be found in spin-offs of existing
TV series, which are based on already established characters (e.g. “Cheers” and
“Frasier”).

3.2.3 Programming
In this segment of a broadcasting company’s value chain the different sourced and
(co-) produced formats are combined to create a company’s program. In this
context broadcasting companies have the opportunity to vary the time slot for a
10
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specific format. Furthermore, if a broadcasting company owns more than one
channel, it can move formats from one channel to the program of a more adequate
channel. In addition the programming segment also possesses assurance options.
In this sense companies can stop the transmission of expensive formats temporary,
e.g. in the summer time, when the audience appeal in general is lower due to
outdoor activities of the potential audience. Options to abandon the programming
of an already acquired format prematurely are only relevant in those cases in
which the programming space is very limited and therefore the opportunity costs
are very high.

3.2.4 Distribution
The distribution as well as the successional segment of end devices are typically
not part of a broadcasting company’s core business, but have to be taken into
account. The distribution refers to the transmission of a broadcasting company’s
program via alternative infrastructures. In this context the relevance of options
mainly refers to expansion and switiching options. Expansion options refer to idle
frequencies or bandwith that a broadcasting company can leverage if the designed
program has a positive audience appeal and therefore should be made accessible
to a wider range of viewers. Switching options in the distribution segment of the
broadcasting business are related to alternative distribution platforms, e.g.
terrestrial, cable, satellite or the internet. If a company possesses access to the
different infrastructures, it can switch to the prevailing standard in the future.

3.2.5 End devices
The market for end devices is relevant in as much as it is closely related to the
distribution of a broadcasting company’s content and besides the available
bandwith represents the bottle-neck concerning technologically advanced forms of
broadcasting (e.g. interactive TV). As the future standards are not yet set,
broadcasting company’s somehow have to aquire switching options, so that they
can switch to the prevailing standards. Furthermore, the market for end devices
typically contains platform investment related growth options. In this sense
broadcasting companies subsidise settop boxes which allow a two-way
communication between the viewer and the broadcasting company and in the
consequence pave the wave for potential future markets like i.e. t-commerce.
11
87

Proceedings of the International Real Option Workshop 2002, Turku, Finland

4 Conclusion
After sketching the paper’s theoretical foundations we have first of all analysed
the parameter values of the abstract drivers of the relevance of real options,
uncertainty and irreversibility, in the broadcasting industry. We concluded that the
focal environmental context is characterised by a high degree of uncertainty and
irreversibility and therefore deepened the analysis concerning the relationship
between real options theory and the broadcasting industry. In this context we have
examined the different segments of the broadcasting industry’s value chain. As a
resume we can state that real options are important in each of the different
segments and because of the impact of digital convergence will even get more
important in the future. As a consequence we conclude that the consideration of
real options in the strategic management of broadcasting companies can lead to a
significant increase in profitability.
However, we have to mention that the postulated results of our conceptual paper
tentatively remain theoretical in nature. Future analyses should therefore focus on
the operationalisation of the relevant constructs and dimensions as well as on
empirical testing. Furthermore, research should focus on potential pitfalls with the
actual implementation of ROT in the broadcasting industry. In this context Bughin
suggests the implementation of a real options process, which features the option
inventory as the collection of all necessary information and the option heuristics
which labels a process that evaluates the option value along the option period and
decides on exercising options based on clear-cut and heuristic rules defined by the
channel manager (Bughin, 2001, pp. 77).
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Summary of Presentation to
WAENO International Real Option Workshop, Turku, 6-8 May, 2002
I cannot forecast to you the action of Russia.
It is a riddle wrapped in a mystery inside an enigma.
Winston Churchill
The notion is of real option is not a normative criteria for investment as NPV or IRR criterions
are. Real options have been first invented by managers in their search for flexibility in risky
environment, and only then they have been recognized and studied by academics. Whereas
derivative instruments provide just passive hedging opportunity against risk exposure (in the
sense that a hedger can do nothing if the market does not offer such an instrument), real options
demand for managerial sophistication in projects design and, hence, they need active
management style.
I would like methodologically to distinguish between economic analysis of investment under
uncertainty and managerial decision-making in development of business projects in companies.
As it is reasonably noticed by many authors (see, e.g., [Fernandez, 2001]) financial option
valuations is often not appropriate for real option valuation. The reason is both in impossibility
to replicate tracking portfolios and in difficulty to identify a suitable basic stochastic process
with any well-defined probabilistic model (nothing to say about the geometric Brownian
motion). I believe that wonderful techniques presented in [Dixit and Pindyck, 1993] is still
adequate for economic and qualitative analysis of industries (see [Trigeorgis, 1996]. On the other
hand, I do not think that it is appropriate techniques for real-life decision making in a company.
There is now a bulk of important verbal papers on real options. I will mention just [Luerhman,
1998]. We know from the history of business that sophisticated methods have been never
successful in their implementation and popular among managers. So the experts in the area
should find a working compromise between sophistication of ideal models and obvious need to
support decision making based on real options both qualitatively and quantitatively. I believe
that simple binary tree approach is appropriate in justification of capital investment and strategic
projects. I will use it in cases below.
In transition economies we face not only the usual valuation difficulties but we also see noncomplete markets at the unusual level (few financial instruments, not more than 15-20 for
Russia) and extraordinary uncertain market environment, where no fundamentals follow
geometric Brownian or mean-reversion processes. Moreover, non-predictable business mentality,
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widespread of gray economy and opportunistic behavior make very difficult, if possible at all,
any kind of forecast. Nevertheless, the real option approach gives easy explanations to many
important economic events. Moreover, though real options are hardly known to majority Russian
managers, they are widespread in actual development of strategies. I would like to thank
Professor Frederick Balderston (UC, Berkeley) for many helpful discussions of “no forecast
enterprise”, a notion, which he has introduced in 2001 in his lectures to the students of the
School of Management in St.Petersburg State University.
The paper consists of three sections.
Section 1 is devoted to explanation of recession in transition economies by analysis of major
industries on the base of behavior of a typical business in the terms of real options. Section 2
studies Russian financial empires and asset stripping activities on the base of real options
modeling. Section 3 contains some comparative information about the approach adopted by
Russian and Finnish managers.
1. “Commerce vs Production” is the Dominant Real Option in Russia
Until now the derivatives market in Russia is slim even at the Russian scale (current FORTS
trades incorporate 6 futures and 2 options contracts). This implies that passive hedging is
available only for exporters of production who can use foreign derivative markets with the help
from their foreign partners (oil and aluminum industries). Such Russian industries are price
takers where the price is solved in the world market. This means that they face basically the
same uncertainty as other international companies in the corresponding industries. Actually oil
and natural gas, aluminum, and telecommunications (the latter enjoy the influence of
globalization) are the most prosperous Russian industries. All of those can use and actually use
real options build in these industries everywhere. Export industries in Russia are growing not
only because of favorable oil prices but also because they are built-in usual international risk
sharing.
During the 1992-97 the decline of Russian industrial output was equal to almost 50%. The
reason was that domestically oriented manufactured industries faced with extreme uncertainty.
Their production was not competitive at the world market and perspectives at the domestic
market were not clear. The majority of these industries (not specially supported by the
government as car-building industry) failed to operate in no-forecast environment. Since
domestic demand should have been met by the market then Russian business has suspended
domestic production and switched to the trade in imported goods.
Commerce always has an edge against production because of real option always built-in
commercial activities. Commerce has higher flexibility because of possibility to change partners
or to switch from foreign producers to domestic ones (as it took place in the food industry after
August 1998 crisis) without high transformation costs. In industry (especially so technically
weak and mentally rigid as Russian) it is very costly to use flexibility options as economies of
scope. The switch from manufacturing to commerce, to a great deal, explains huge decline in
GDP in Russia and other CIS countries in 1990s. On the contrary, the economic growth of China
is explained by the fact that their manufacturing output has its niche in the world market (so they
can orient to world prices, which are still volatile but more predictable than prices in transition
economies).
Low level of FDI in Russia and CIS is analyzed in the same framework. A simple model of
expected time to invest for a foreign investor is discussed.
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Another issue is an unexpected gap between the high reputation of exact sciences in former
Soviet Union and lack of technologically innovative ventures in Russia. In developed economies
if innovation is of no forecast type then venture and angel capital are used. Though a single unit
still preserves no forecast feature the situation is under control. Venture firm actually sells a call
option on their project (if business fails she has no debt obligations; investor's yield is unknown
and uncertain since it is just a share of profit of a successful venture business). Venture capitalist
has a pool of these call options bought. It diversifies her risk. Flexibility is expensive (cf.
Netscape case). So, usually venture business does not obey much flexibility. Nevertheless,
flexibility exists for market as a whole. Projects devoted to production of similar products, which
differ in some details and technology will be supported different venture capitalists. Hence,
instead of one firm with build-in flexibility we have a number of rigid venture projects financed
from different sources. There are no venture capitalists in Russia. Probably it is partially a path
dependency feature since previously engineers used to perform in stable environment of state
enterprises. In any case this real options portfolio is not in use in Russia.
2. Asset Stripping as Costs Minimizing Behavior: Performance of Business Groups in
Russia
Another interesting issue is an explanation of behavior of so-called Russian financial empires
(financial-industrial groups) in 1990s. A simple binary tree model of call option valuation shows
that conglomerate groups have many advantages against standalone enterprises because of asset
stripping opportunities. Interros group and Menatep Bank group give us instructive cases of such
optimal behavior. Both groups used pocket bank technology during 1998 crisis. This can be also
treated in the framework of new institutional economics (transaction costs and analysis of
contracts types). Certainly, we come here to the issue of poor corporate governance.
Opportunistic behavior of top managers is one of major threats both for national economy and
shareholders. Asset stripping, off-shore operation, price manipulation and many other techniques
are used. This undermines the value of Russian companies in the eyes of both Russian and
foreign investors. Sindanco/BP Amoco case is analyzed as a real option to wait for a
transnational corporation investing in Russia.
Let me to mention that opportunistic behavior options are widespread in Western economies as
well. For example, we can treat the behavior of Enron Corp’s top managers as a complex real
option with the disclosure of fraud by the society as basic variable.
3. What is Different in Treatment of Real Options in Russia and Finland?
This part is based on the analysis of essay works on real options, which were given by the author
to the students of full-time MBA program and executive MBA program in St.Petersburg State
University (2001/2002), on one hand, and Ph.D. students in finance in Finland (2000/2001,
nation-wide program; course was delivered in HANKEN). The last topic looks very different
from two previous ones but it gives some support to the idea that in both countries managers are
enthusiastic about the use of options but the scale of projects proposed by Finnish students is
usually much greater and more oriented to productive activities rather than commerce. Managers
at MBA program (mostly top managers from small and medium size enterprises in St.Petersburg
area) also often mention opportunistic real options in the behavior of owners and enterprises
related to the gaps in legislation and enforcement.
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Investment Decisions and
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The Setting
• Very large investments have a long
economic life (10-60 years)
• This means that it is increasingly difficult to
estimate future cash flows - methods using
precise estimates are misleading
• Using fuzzy numbers is a comprehensive
way of representing the uncertainty
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The Setting
• For example, an investment in a nuclear
power plant has an economic life of about
60 years
• There is considerable uncertainty about
electricity prices, which makes it highly
unrealistic to present precise estimates of
the future cash flows
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State of the Art
Selected References

• Buckley (1987) - Fuzzy FV and PV
• Li Calzi (1990) - Discussion about a general
setting
• Buckley (1992) - Fuzzy IRR
• Kuchta (2000) - 7 different fuzzy methods
• Tarrazo and Gutierrez (2000) - Discussion
about economic expectations and fuzzy sets
in finance
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State of the Art
Selected References

• Muzzioli and Torricelli (2000) - Fuzzy
binomial option pricing
• Carlsson and Fullér (2000a) - Fuzzy real
option valuation
• Zmeskal (2001) - Firm valuation as an
option with fuzzy-stochastic methodology
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Important Points
• The fuzzy methods are original
constructions - they are not “fuzzifications”
of existing constructions
• When cash flow expectations are given as
fuzzy numbers information is not lost by
compromises in finding a single correct
number
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Fuzzy Cash Flow Estimates
• Fuzzy estimates of future cash flows give a
correct presentation of the uncertainty involved
• If there are more than one expert opinion they
can be included in a single fuzzy number (must
state lower & upper possible values [a,b]),
Bardossy et al. (1993)
• There are methods that enable inclusion of
trend information into fuzzy numbers
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Results from Fuzzy Methods
• Results of fuzzy investment planning are
also fuzzy numbers
• The question is: “ What does the fuzzy
result tell us?”
• A fuzzy result includes within it sensitivity
with respect to uncertainty, as understood
by the expert
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Problems with Interpretation
• If the fuzzy result is very wide it may be
hard to get a good insight on the meaning of
the result
• For better interpretations the result can be
reduced with a vertical and horizontal
reduction of uncertainty
Result =
07.05.2002
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Vertical Reduction of
Uncertainty
• Vertical reduction: The fuzzy number is
reduced so that points with a membership
value of less than α ( α ∈ [0,1] ) will be
neglected; this is called α -cut
• The possibilistic variance of the fuzzy
number is reduced, Carlsson and Fullér
(2001)
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Vertical Reduction of
Uncertainty
1

?

Effect of the vertical reduction of uncertainty
This method can be used when the “sides” of the fuzzy
number are large (or very large) and they need to be reduced.
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Horizontal Reduction of
Uncertainty
• Horizontal reduction of uncertainty can be
used when the core of the fuzzy number is
very wide
• The method reduces the possibilistic
variance (in proportion to α) of the fuzzy
number, but the mean value remains the
same.
07.05.2002
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Horizontal Reduction of
Uncertainty

1

E( A)

Effect of the horizontal reduction of uncertainty
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Reduction of Uncertainty
• It is possible to use both methods, the
vertical and the horizontal reduction
simultaneously
• The same level of α can be applied to both
methods
• The resulting fuzzy number has a narrower
core and shorter sides
07.05.2002
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Further Problems with
Interpretation
• If we have multiple projects, from among
which the best must be selected we need to
rank fuzzy numbers
• This is not as straightforward as with crisp
numbers, because fuzzy numbers can be
overlapping.
• Some special methods are needed
07.05.2002
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Ranking Fuzzy Numbers
• The fuzzy numbers can be defuzzified to a
crisp number and then ranked
• A value function can be used to give a value
to the fuzzy numbers and then they can be
ranked according to the values (Carlsson et
al. 2001)
• There are a number of different methods
07.05.2002
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Suggestions
• Using the fuzzy cash flow estimates in
yearly budgeting in investment projects
• Using results from fuzzy capital budgeting
methods as a risk management tool • Using real option value and fuzzy real
option value to find the maximum negative
potential of an investment
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Positive + Negative potential
= Total Flexibility
ROV

€

NPV

NPV-(ROV-NPV)
t
FLEX = ROV - (NPV - (ROV - NPV)) = 2*(ROV-NPV)
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Appendix 1:
Vertical reduction of uncertainty - possibilistic variance
Using the definition of a possibilistic variance (Carlsson and Fullér 2000b)
1

Var( A ) =

1
[a2 (γ ) − a1 (γ )]2 γdγ
∫
20

We find that the possibilistic variance of the original fuzzy number is larger:
α

1

1

1
1
1
2
2
2
Var(B) = ∫ [b2 (γ ) − b1(γ )] γdγ = ∫ [b2 (γ ) − b1 (γ )] γdγ + ∫ [b2 (γ ) −b1(γ )] γdγ
20
20
2α
α

1

1
1
2
2
= ∫ [a2 (α) − a1(α)] γdγ + ∫[a2 (γ ) − a1 (γ )] γdγ
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≤
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γ
)
−
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γdγ
2
1
2
1
2 ∫0
2 α∫
1

1
2
= ∫ [a2 (γ ) − a1 (γ )] γdγ = Var(A).
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Appendix 2:
Horizontal reduction of uncertainty
Using the definition of the mean value [Carlsson and Fullér (2001b)]
1

E( A) = ∫ [a1 (γ ) + a2 (γ )]γdγ
0

we have that
1

1

0

0

E( B) = ∫ [b1 (γ ) + b2 (γ )]γdγ = ∫ [α (a1 (γ ) + a2 (γ )) + 2(1 − α )E( A)]γdγ
1

= α ∫ [a1 (γ ) + a 2 (γ )]γdγ + (1 − α )E( A) = αE( A) + (1 − α )E( A) = E( A),
0
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Appendix 3:
Horizontal reduction of uncertainty
using the definition of a possibilistic variance
1

Var( A ) =

1
[a2 (γ ) − a1 (γ )]2 γdγ
∫
20

we find that
1

1

1
1
2
2
Var(B) = ∫ [b2(γ ) − b1(γ )] γdγ = ∫ [αa2 (γ ) −αa1 (γ )] γdγ
20
20
1

1
2
=α ∫ [a2 (γ ) − a1 (γ )] γdγ = α2Var(A).
20
2

07.05.2002

Mikael Collan
IAMSR

108

Proceedings of the International Real Option Workshop 2002, Turku, Finland

109

Proceedings of the International Real Option Workshop 2002, Turku, Finland

110

Proceedings of the International Real Option Workshop 2002, Turku, Finland

111

Proceedings of the International Real Option Workshop 2002, Turku, Finland

112

Proceedings of the International Real Option Workshop 2002, Turku, Finland

113

Proceedings of the International Real Option Workshop 2002, Turku, Finland

114

Proceedings of the International Real Option Workshop 2002, Turku, Finland

115

Proceedings of the International Real Option Workshop 2002, Turku, Finland

116

Proceedings of the International Real Option Workshop 2002, Turku, Finland

117

Proceedings of the International Real Option Workshop 2002, Turku, Finland

118

Proceedings of the International Real Option Workshop 2002, Turku, Finland

119

Proceedings of the International Real Option Workshop 2002, Turku, Finland

120

Proceedings of the International Real Option Workshop 2002, Turku, Finland

121

Proceedings of the International Real Option Workshop 2002, Turku, Finland

122

Proceedings of the International Real Option Workshop 2002, Turku, Finland

123

Proceedings of the International Real Option Workshop 2002, Turku, Finland

124

Proceedings of the International Real Option Workshop 2002, Turku, Finland

125

Proceedings of the International Real Option Workshop 2002, Turku, Finland

126

Proceedings of the International Real Option Workshop 2002, Turku, Finland

127

Proceedings of the International Real Option Workshop 2002, Turku, Finland

128

Proceedings of the International Real Option Workshop 2002, Turku, Finland

129

Proceedings of the International Real Option Workshop 2002, Turku, Finland

130

Proceedings of the International Real Option Workshop 2002, Turku, Finland

131

Proceedings of the International Real Option Workshop 2002, Turku, Finland

132

Proceedings of the International Real Option Workshop 2002, Turku, Finland

133

Proceedings of the International Real Option Workshop 2002, Turku, Finland

134

Proceedings of the International Real Option Workshop 2002, Turku, Finland

135

Proceedings of the International Real Option Workshop 2002, Turku, Finland

136

Proceedings of the International Real Option Workshop 2002, Turku, Finland

137

Proceedings of the International Real Option Workshop 2002, Turku, Finland

138

Proceedings of the International Real Option Workshop 2002, Turku, Finland

139

Proceedings of the International Real Option Workshop 2002, Turku, Finland

140

Proceedings of the International Real Option Workshop 2002, Turku, Finland

141

Proceedings of the International Real Option Workshop 2002, Turku, Finland

142

Proceedings of the International Real Option Workshop 2002, Turku, Finland

International Real Option Workshop
Turku May 6.-8., 2002

Markku Heikkilä
User Interfaces and Knowledge Presentation in Real Options –
an Approach to Make Real Options Operational
Although option-pricing techniques are well known and widely researched, there are
certain thresholds for practising managers to benefit from them in corporate
investment planning. These thresholds deal with both quantitative and qualitative
features of real options, as well as the way real option models and logic is presented
to managers. When it comes to user-modes, or actual contents of decision support,
model-centred approach can give only starting points for the managers to understand
the usability and applicability of real options.
In order to build good support systems for managers responsible for large giga-size
investments certain features of user interface design and knowledge presentation
should be taken into consideration. In this article I will present a few of these features
based on practical case studies made about planning of gigainvestments in several
Finnish industrial corporations. I will also present a framework for overcoming
various managerial thresholds based on process-centred modelling of decision
support. This approach utilises prototyping in system construction combined to a
model of the manager’s interface to real options, developed to assess the knowledge
requirements of investment planning with real options.
In this article real options are understood as tools for managers to deal with large,
giga-sized investments with considerable strategic effects. Majority of real options
literature so far deals with building models and methods for assessing real options in
normative, mathematical way. Application of such an approach gives analytical
results, an outcome of the analysis process. The practical needs met in cooperation
with corporations suggest, however, a more pragmatic, explorative approach to real
option valuation. In most cases it is not sufficient for the managers to know only the
outcome of the real option analysis, including real option value, model constraints and
mathematical computation. Instead a wider managerial approach requires support for
both the outcome of the calculation, process of decision making and learning of real
options in management.
Two approaches of knowledge presentation in real options

Real options:
Theory (model-oriented)
Academic domain
Mathematical, logical,
objective, computation
Expert driven, formally
presented articles
Method-oriented, formally
communicated results

Means of communication

Case studies
Models, software
applications
Knowledge accumulation
and diffusion
Workshops,
presentations, reports

Figure 1 Knowledge presentation in real options
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Real options:
Practice (process-oriented)
Business domain
Business rationale,
practical, subjective,
coordination
Manager driven, practically
implemented applications
Goal-oriented, motivationally
communicated results
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Real Options in Upstream Petroleum: Overview of Models and Applications
By: Marco Antonio Guimarães Dias 1
This Version: April 27th , 2002

Abstract
Investment in projects of exploration and production (E&P) of petroleum must consider several technical
and economic uncertainties which are inherent in this industry. Under these conditions, there are many
valuable real options that add value and change the investment decisions when compared with more
traditional methods. This article presents an overview of E&P real options models, highlighting the main
classical models, including a discussion of the stochastic models for oil prices in real options applications.
Some important E&P applications are presented, such as the selection of mutually exclusive alternatives
under uncertainty, the wildcat drilling decision, the appraisal investment decisions, and the analysis of
option to expand the production through optional wells. This paper also presents a practical way to
incorporate technical uncertainties together with economic uncertainty in continuous-time models.

Keywords: real options, investment under uncertainty, E&P investments, project valuation under
uncertainty
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1) Introduction
Exploration and production (E&P) of petroleum is an activity rich in real options, which if managed
optimally enhance the value of the portfolio of projects and real assets in general for the oil company. The
Figure 1 below displays the sequential options process for the typical phases of E&P investment decisions.
In the exploration phase managers face the wildcat drilling decision, which in most cases is optional. In
case of success (discovery of a reserve), the firm has the option to invest in the appraisal phase through
delineation wells and additional 3D seismic, in order to get information about the size and quality of the
reserves, reducing the technical uncertainty. When the level of remaining technical uncertainty does not
justify additional investment in information, the firm has the option to develop the reserve committing a
large investment in development (D) or to give back the undeveloped reserve to the National Petroleum
Agency. Finally, the firm has operational options during the producing life of the reserve, that is, has
options like the option to expand the production (e.g.: by adding optional wells), option of temporary
suspension of the production or even option to abandon the concession.

Figure 1 – Exploration & Production as a Sequential Real Options Process
2
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Most of the earlier real options models were developed for natural resources applications, due to the
availability of large data for commodities prices. The main earlier models were Tourinho (1979), first to
evaluate oil reserves using option pricing techniques, Paddock, Siegel & Smith (1988), a classical model
discussed in the next section, Brennan & Schwartz (1985), analyzing interactions of operational options,
and Ekern (1988), valuing a marginal satellite oilfield. See Dias (1999) for a bibliographical overview.
A sample of other important real options models for petroleum applications are briefly described in
sequence, highlighting the main individual contribution. Bjerksund & Ekern (1990) showed that for initial
oilfield development purposes, in general is possible to ignore both temporary stopping and abandonment
options in the presence of the option to delay the investment. Jacoby & Laughton (1992) showed an
application to oilfied development under a complex tax system. Kemma (1993) described some case
studies in her long consultant for Shell. Beliossi (1996) presented the valuation of oil companies and
managerial efficiency. Schwartz (1997) compared oil prices models that are discussed in the next section.
Laughton (1998) found that although oil prospect value increases with both oil price and reserve size
uncertainties, the greater oil price uncertainty delays all options exercise (from exploration to
abandonment), whereas exploration and delineation occur sooner with reserve size uncertainty. Cortazar
& Schwartz (1998) applied the flexible Monte Carlo simulation to evaluate the real option to develop an
oilfield. Pindyck (1999) analyzed the long-run behavior of oil prices and the implications for real options.
The textbooks of Dixit & Pindyck (1994, mainly chapters 12), Trigeorgis (1996, pp. 356-363) and Amram
& Kulatilaka (1999, chapter 12) also analyzes models for investment in oil and natural resources industry.
This paper is organized as follows. In the second section are described the classical real options models
applied to E&P and a discussion on the stochastic modelling for oil prices. In the third section is presented
an application of selection of alternatives to develop an oilfield under uncertainty with help of the concept
of economic quality of a developed reserve. The fourth section analyzes the wildcat drilling problem
considering the revelation of information. The fifth section presents a simple way to include technical
uncertainty into a dynamic model, to model the investment in information. The sixth section presents the
option to expand the production through optional wells. The seventh section concludes the article.
2) Classical Real Options Models in Petroleum and the Oil Price Modelling
In the beginning of 80’s, Paddock, Siegel & Smith started a research in the MIT Energy Laboratory using
options theory to study the value of an offshore lease and the development investment timing. They wrote
a series of papers, two of them published in 1987 and 1988. The Paddock, Siegel & Smith (PSS) approach
is the most popular real options model for upstream petroleum applications. This classical model is useful
3
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for both learning purposes and as first approximation for investment analysis of development of oil
reserves, even thinking that, in real life, are necessary models that fit better the real world features. The
book of Dixit & Pindyck (1994, see chapter 12) describes this model in a more compact and didactic way.
This model has practical advantages (when compared with others options models) due its simplicity and
few parameters estimation. One attractive is the simple analogy between Black-Scholes-Merton financial
option and the real option value of an undeveloped reserve, which is illustrated in the Table 1.
Table 1 – Analogy Between Financial Options and Real Options
Black-Scholes-Merton’s Financial Options

Paddock, Siegel & Smith’s Real Options

Financial Option Value

Real Option Value of an Undeveloped Reserve (F)

Current Stock Price

Current Value of Developed Reserve (V)

Exercise Price of the Option

Investment Cost to Develop the Reserve (D)

Stock Dividend Yield

Cash Flow Net of Depletion as Proportion of V (δ)

Risk-Free Interest Rate

Risk-Free Interest Rate (r)

Stock Volatility

Volatility of Developed Reserve Value (σ)

Time to Expiration of the Option

Time to Expiration of the Investment Rights (τ)

The analogy above is useful for other real options applications. Instead developed reserve value is possible
to consider any operating project value (V) as the underlying asset for this option model. In absence of a
direct market value for V, is possible to compute V as the revenue net of operational costs and taxes. So,
the traditional net present value (NPV) is also equal to V – D, where D is the present value of the
investment cost to develop the project, and the analogy works in similar way.
The time to expiration of this real option model is the deadline when the investment rights expire. This is
named relinquishment requirement, when the oil company faces a “now-or-never” opportunity: or
presents and compromises with an immediate development investment plan or return the concession rights
back to the National Petroleum Agency. This time varies from 3 to 10 years.
The current value of developed reserve V can be calculated as the present value of the revenues net of
operational costs and taxes. But if sufficient data from the market of developed reserves is available, V is
just the price of an underground barrel of reserve (v, in dollars per barrel, $/bbl) times the quantity of
barrels in the ground, the reserve size B (that is, V = v .B). See data, references and discussion on the
market value of a developed reserve in Adelman, Koehn & Silva (1989, data in Table 2). In the next
section is presented a model that V is proportional to P, that is, v = q.P or V = q.P.B, where the
proportional factor q is named economic quality of the developed reserve.
4
148

Proceedings of the International Real Option Workshop 2002, Turku, Finland

The investment cost to develop the reserve D is the present value of the investment flow necessary to
develop the reserve. This is analog to exercise price of the financial option because it is the commitment
that the Oil Company faces when exercising the real option to develop the oilfield.
The volatility σ is the annual standard deviation of dV/V. In the case that V is proportional to P is possible
to use the same value of the volatility of oil prices 2 , which has more available data for estimations. Dixit
& Pindyck (1994, chapter 12) recommend σ between 15% and 25% per annum. Some authors (e.g.:
Baker, Mayfield & Parsons, 1998, p.119) use a value higher than 30%p.a. for σ. Other possibility is to
estimate σ using a Monte Carlo simulation of the stochastic processes for P, operational cost and taxes,
using the cash-flows equations, in order to get a combined distribution of the return of V. See the book of
Copeland & Antikarov (2001, chapter 9) for a detailed approach of this alternative.
The analog to dividend yield, the cash flow yield δ can be viewed as a net cash flow as a percentage of V.
In the case of petroleum reserves, there is a depletion phenomenon due the finite quantity of petroleum in
oilfield and a consequent decline rate (ω) in the oilfield output flow rate along the life of the reserve. The
equation to estimate δ including depletion are presented in Paddock, Siegel & Smith or in Dixit & Pindyck
(1994) 3 , but two more practical ways to estimate δ are presented below.
For the model that assume the value of a barrel of developed reserve as proportional to the price of a
(wellhead) barrel of oil, is possible to see δ as the (net) convenience yield of oil prices by using data from
futures market. With the notation Φ(t) for the oil futures price for delivery at time t, P for the spot oil price
(or the earliest futures contract), r for the risk-free interest rate, and Δt = time interval, the equation is:
P = Φ (t) . exp[– (r – δ ) . Δt]

(1)

The second way is a practical rule using a long-term perspective that is useful for real options models.
What is a good practical value for the net convenience yield δ? Pickles & Smith (1993) suggest the riskfree interest rate. They wrote (pp.20-21): “We suggest that option valuations use, initially, the “normal”
value of net convenience yield, which seems to equal approximately the risk-free nominal interest rate”4 .

2

If V follows a geometric Brownian motion and V is a constant multiple of the price P (that is V = k P), then P also follows a
geometric Brownian motion and with the same parameters (σ, δ, α). See Dixit & Pindyck (1994, p. 178).
3
Complete proofs for the equations of Paddock, Siegel & Smith is available at www.puc-rio.br/marco.ind/petmode1.html
In the risk-neutral valuation, largely used in options pricing, the risk-neutral drift is r – δ and using the suggestion of Pickles
& Smith (r = δ) we get a driftless risk-neutral process, which sounds reasonable for the long-run equilibrium.

4
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One interesting feature of the PSS model is the resultant partial differential equation for the real option
value (the value of undeveloped reserve) is identical to Black-Scholes equation with continuous dividend.
Only in the boundary conditions appear two additional conditions, to take account for the earlier exercise
feature of this American type call option (most real options are modeled as American options rather than
European options, to take account of the early exercise feature). See these equation and boundary
conditions for example in the book of Dixit & Pindyck (1994, chapter 12). By solving this partial
differential equation numerically we obtain two answer, the real option value of the undeveloped reserve
(F) and the decision rule (invest or wait for better conditions). Thanks to the analogy, any good software
that solves American call option (with continuous dividend-yield) solves this real options model.
The decision rule is given by the critical value of V (named V*) which the real option is “deep-in-themoney”, so that is optimal the immediate exercise of the option to develop the oilfield when V(t) ≥ V*(t).
For models where V is proportional to P, it is easier to think with P*, the oil price that makes a particular
undeveloped oilfield to be “deep-in-the-money”, and the rule is to invest when P ≥ P*.
Figure 2 presents a typical solution for an undeveloped oilfield with 100 million barrels (and q = 0.187, so
that V = 18.7 x P). The curves represent the real option values for the cases of five years to expiration of
rights (τ = 5 years), one year (τ = 1 year), and at the expiration (τ = 0). This last case, known as “now-ornever” case, the NPV rule holds and the real option value is the maximum between the NPV and zero.

Figure 2 – The Real Option Value of an Undeveloped Reserve
6
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In the figure above, for P = 15 $/bbl the NPV is zero (so, 15 $/bbl is the break-even oil price). The figure
shows that at 16 $/bbl the NPV is positive, but the net waiting value, also named option premium (it is the
difference F – NPV), for τ = 5 years is not zero (it is even higher than the NPV). So, at $16/bbl the
optimal policy for this field-example is to “wait and see”. The option premium is zero only at the tangency
point between the option curve and the NPV line (the now-or-never line), which occurs only at the point
A, at P*(τ=5) = 24.3 $/bbl. At this point, even with 5 years to expiration, the oilfield is “deep-in-themoney” and is optimal the immediate exercise of the option to invest. In the figure is also displayed the
real option curve for one year to expiration (the option is less valuable than the case of 5 years), and the
critical value (or threshold value) P* drops to 20.5 $/bbl (see point B). Figure 3 below presents the
threshold curve for this oilfield, from 5 years to expiration until the “now-or-never” deadline 5 .

Figure 3 – The Real Option Decision Rule: Invest Above the Threshold
Note in the Figure 3 the correspondence with the points A and B of the Figure 2. Note also that at the
expiration (now-or-never), the real option rule collapses to the NPV rule, that is, invest if the oil prices is
higher than the break-even price for the oilfield (in this case about 15 $/bbl).
Like Black-Scholes, this model assumes that the underlying asset (here the reserve value V or the oil price
P itself) follows a random-walk model named Geometric Brownian Motion (GBM). Under this model, the
oil prices (and V) in the future have a lognormal distribution with variance that grows with the forecasted
horizon, and a drift that grows (or decays) exponentially. The Figure 4 illustrates this process.

5

This example was solved using the spreadsheet “Timing”, a shareware available at the author website.
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Figure 4 – Map of Probabilities for the Geometric Brownian Motion
But most specialists argue that a stochastic model for commodities must consider the mean-reverting
feature. The idea is that if the price is too far (above or below) a certain long-run equilibrium level P ,
market forces (including OPEC) will act to reduce (if P >> P ) or increase (if P << P ) the production (for
OPEC) and E&P investment (for non-OPEC oil companies). This creates a reverting force that is like a
spring force, as strong as P is far from the equilibrium level P . Figure 5 illustrates the mean-reversion
case.

Figure 5 – Map of Probabilities for the Mean-Reversion Model
8
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The drift curve (in red) is the curve of expected value for P. For mean-reversion models this curve evolve
toward the equilibrium level P . This drift is consistent with the backwardation phenomenon in futures
market, when the price of a futures contract is inferior to both spot price and shorter-maturity contracts.
Although the distribution of futures prices is also lognormal as in the GBM model, note in the picture that
the variance of the distributions grows until a certain time ti and remains constant after this. The reason is
the reversion force effect that does not permit, even in a distant future, to be likely extreme values for P.
The mean-reversion model is more consistent with futures market, with econometric tests and even with
microeconomic theory. However the GBM model is much simpler to use. The natural question is: Is
wrong to use the GBM model, as in the Paddock, Siegel & Smith, to model oil prices in real options
applications? Is significant the error by using GBM instead the mean-reversion model (MRM)? What is a
good value for the equilibrium level P ? This paper discuss these and other related questions analyzing the
point of view from the two main researchers in commodity prices, Robert Pindyck (MIT) and Eduardo
Schwartz (UCLA), in recent articles.
Pindyck (1999) discuss the long-run evolution of the oil prices using 127 years of data and found meanreversion but the reversion is slower (half-life 6 of 5 years) than presented in some other papers (half-life
from one to two years). The oil prices revert to a quadratic U-shaped trend line (instead a fixed level as
showed in the Figure 5), which is pointed as consistent with models of exhaustible reserves incorporating
technological change. He presents a model for oil prices named multivariate Ornstein-Uhlenbeck where
the oil prices revert toward a long-run equilibrium level that is itself stochastic and mean-reverting.
In other words, Pindyck argues that the mean-reversion model is better for oil prices, but the equilibrium
level is uncertain and oscillates with the time. In addition, his econometric tests show that the reversion
process is slow (for high prices case, one reason is that investment in E&P take many years to put new oil
in the market). He concludes that for applications like real options “the GBM assumption is unlikely to
lead to large errors in the optimal investment rule”. This conclusion is reaffirmed in his more recent study
(Pindyck, 2001). So, the simple model of Paddock, Siegel & Smith is a not bad approximation.
Schwartz (1997) compares 4 models for the stochastic behavior of oil prices: geometric Brownian motion,
pure mean-reversion model, two-factor model and three-factor model. Pure reversion model is the MRM
for a fixed (non-stochastic) level and without any other additional stochastic variable or process. The
original two-factor model is due Gibson & Schwartz (1990), which oil prices (P) follow a geometric
6

Half-life here is the expected time for the price reaches the half of the distance between P and the equilibrium level.
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Brownian motion but the convenience yield (δ) of oil follows a mean-reverting process. The three-factor
model is like the two-factor but has the interest-rate (r) as third stochastic variable (modelled as meanreverting).
Schwartz (1997) prefers the two and three factors models, which are less predictable than the pure meanreverting model. Although in a real options example he shows that the pure reversion model induced
higher error (compared with the two and three factors model) than the GBM in the investment decision, he
alerts that GBM can induces investment too late because neglects mean-reversion.
Considering both points of view (Pindyck and Schwartz) for real options models, I think that GBM is a
good approximation in several cases, but it is not an adequate when the spot prices are too far from a more
reasonable long-run equilibrium level (actually this level could be in the range of 18-22 $/bbl). The slope
of the term-structure of futures market is a good intuitive way to see if spot price is too far or not.
For the GBM model, every change in oil price is a permanent change in the long-run price drift, whereas
the pure mean-reversion assumes the opposite, that is, that every price oscillation is just a temporary
deviation from the predictable long-run equilibrium level. Both point of views seems too drastic. A more
reasonable point of view is a model not too unpredictable as GBM, neither too predictable as pure meanreversion. There are three classes of models in this intermediate point of view that is discussed below. The
table below summarizes the main available stochastic models for the oil prices.
Table 2 – Stochastic Models for Oil Prices in Real Options Applications
Type of Stochastic Model

Name of the Model

Main Reference

Unpredictable Model

Geometric Brownian Motion (GBM)

Paddock, Siegel & Smith (80’s)

Predictable Model

Pure Mean-Reversion Model (MRM)

Schwartz (1997, model 1)

Two and Three Factors Model

Gibson & Schwartz (1990), and
Schwartz (models 2 and 3)

Reversion to Uncertain Long-Run Level

Pindyck (1999) and
Baker, Mayfield & Parsons (1998)

Mean-Reversion with Jumps

Dias & Rocha (1998)

More Realistic Models

As in Pindyck (1999) and in Baker, Mayfield & Parsons (1998), Schwartz & Smith (2000) also present a
model of mean-reversion toward an uncertain long-run level. Schwartz & Smith conclude that this model
is equivalent to the two-factor model. Interesting, they also conclude that for many long-term investment,
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we may be able to safely evaluate investments using uncertainty in equilibrium prices only, modeled as
GBM!
The third more realistic model presented in the table is due to Dias & Rocha (1998), which consider
mean-reversion for oil prices in normal situations 7 but allow for large jumps in the oil prices due abnormal
news, during the period before the investment. For the typical time-step of E&P investment (quarters or
year), sometimes occurr an abnormal news like war, market crashes or OPEC surprises, that give a radical
change of expectations about the balance of supply versus demand, causing large variations in few weeks
or months. Figure 6 shows the oil prices (average monthly data) indicating jumps-up and jumps-down.

Figure 6 – Oil Prices and Large Jumps in the Last 30 Years
Like the models of two-factor and of reversion to an uncertain equilibrium level, the jump-reversion
model is not too predictable as the pure mean-reversion model (due to the jumps component and the linear
relation between NPV and P) neither too unpredictable as GBM (due to the reversion component). The
model feature of recognizing the possibility of large jumps in some cases can induce better corporate
decisions. For example, in oil-linked credit securities and in others oil prices linked agreements, the jumps
feature highlights the convenience to put “cap” and/or “floor” in the credit spread or in profit share that is
7

Dias & Rocha (1998) reversion is toward a fixed long-run equilibrium of $20/bbl. However, they suggest to set uncertainty in
the equilibrium level (perhaps a GBM with low volatility) as the main improvement for the model.
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linked to oil prices. In December 1998, the Brent oil prices had dropped to 10 $/bbl. At this time Petrobras
and the other side considered a model of mean-reversion with jumps and set cap and floor in an important
10 years “win-win” contract linked to oil prices. One year latter the oil prices rose about 150% and the cap
protected Petrobras to pay more than the desirable due the jumps in the year of 1999. Few months later,
the oil prices reached 30 $/bbl, three times the oil prices at the contract date, and the cap protection
remained important.
3) Selection of Mutually Exclusive Alternatives and Economic Quality of a Developed Reserve
As mentioned before, a simple model for the developed reserve value V is the proportional model that V
is a linear function of the price P. The equation is:
V = q . P. B

(2)

Where B is the reserve size (in million of barrels), V is the developed reserve value (in million dollars)
and q is the economic quality of the developed reserve (see discussion below). Considering the
development cost of the reserve D, the equation for the net present value (NPV) of the project is:
NPV = V – D = (q . P. B) – D

(3)

These equations tell that V and NPV has a linear relation with the oil prices (P). Is reasonable this linear
assumption? As pointed out by Pickles & Smith (1993, p.16): “in equilibrium the prices of developed
reserves and oil at wellhead must appreciate at the same rate”. Schwartz (1997, his figure 13 and
discussion) shows that for a simple cash flow model, either discounted cash flow, GBM, two-factor model
and three-factor model, present a linear relation between the NPV and the commodity spot price. Only the
pure mean-reversion model presents a non-linear relation.
The linear relation between NPV and P takes real options modelling easier. In the equations 2 and 3, the
coefficient “q” is named “economic quality of developed reserve” because for the same oil price (P) and
for the same reserve size (B), the market value of the developed reserve V is higher as higher is q. In
addition, the product q.P gives the market value of one barrel of developed reserve and it is useful for
reserve transactions and merger & acquisitions analysis. The value of q depends of both economic and
technical factors. It depends of variables like the discount rate (so depends of the interest rate level and the
country risk premium spread), marginal corporate income tax, other taxes, operational costs, reservoirrock properties (like permeability), fluid quality (quality of the oil and gas), etc.
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In addition, the economic quality of developed reserve also depends of the amount of capital placed to
develop the reserve, mainly the number of wells. A large quantity of wells means faster production and so
a higher value for q than a lower number of development wells. However, more wells means higher
development cost D, so there is a trade-off between q and D when choosing the number of wells to
develop a reserve. By assuming that the reserve size B is approximately the same for all alternatives of
development with different number of wells, when changing the development cost D in the NPV equation
(3) the only variable that must alter is the quality q. So, the concept of quality q eases the analysis of
mutually alternatives to develop an oilfield under uncertainty because the trade-off with investment is
captured with a single variable q.
The selection of the best alternative to develop an oilfield for different oil prices is exemplified
considering three alternatives, A1 (D1 , q1 ), A2 (D1 , q1 ), A3 (D3 , q3 ), where D1 < D2 < D3 and q1 < q2 < q3 .
These alternatives differs due the number of wells and process capacity (more wells means higher
production peak). What is the alternative with the higher NPV? The answer depends of the oil price. The
Figure 7 below plots the three alternatives NPVs as a function of the oil prices according the linear
relation of equation (3). In a real options model this graph corresponds to the “now-or-never” situation.

Figure 7 – Three Alternatives: NPVs versus Oil Prices
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Each alternative has different angular coefficient and different intercepts in the X-axis, and its equations
are displayed in the figure above for a general alternative j. The X-axis intercept corresponds to situation
of NPV = 0, so the intercept is the break-even price (unitary development cost in $/bbl) for each
alternative. While the intercept is related to the development cost, the angular coefficient (tangent of θ j ) is
related with the quality q. These parameters are easy to obtain with a discounted cash flow spreadsheet.
Hence, in our example the alternative 3 has an intercept more to the right and higher angular coefficient,
due to its higher development cost (D) and higher quality (q). By inspection of the chart above, for low oil
prices P1 the best alternative is the alternative 1, whereas for intermediate price level P2 the best one is the
alternative 2 and so on. So, there are oil price regions where each alternative is better (higher NPV), and
the decision depends what region is the oil price.
However, the oil prices are uncertain and in the general case the Oil Company has an option to develop
and some time before the expiration of the rights. What is the better decision in this case? Is better to
invest if one alternative is deep-in-the money or is better to wait and see for the possibility to invest in a
more attractive alternative in a future scenario? The paper of Dixit (1993) is the base of our approach,
despite of his model was solved for perpetual real options (for example a land development) and our case
is for finite-lived real options. Figure 8 presents the upper real options curve for a certain time before the
expiration (imagine that the other real options curves are passing under this curve at this time):
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Figure 8 – Selection of Alternatives Before the Expiration
Considering that the option curves for alternatives 1 and 3 at this time pass under the option curve for
alternative 2 (showed in the figure above), the decision rule is as follow. If the oil prices at this time is
below the critical price P2 *, wait and see even if the alternative 1 seems “deep-in-the-money” because
waiting for a scenario which alternative 2 is better, is more valuable (see the chart) than the immediate
exercise of alternative 1. However, note that if the alternative 1 quality q1 increases a little bit, its
immediate exercise could be the maximizing value way. Continuing the analysis, if the oil prices is
exactly P2 *, the optimal is to develop the oilfield immediately using the alternative 2 (the option to delay
is less valuable). Finally, if the oil price is higher than P2 * at this time, the optimal is to exercise the
alternative with the higher NPV (alternative 2 or 3, depending of the prices) because the “wait and see”
policy is less valuable. By using this approach, is possible to set a complete map of exercise regions along
the time, which is one research project that is being developed between PUC-Rio and Petrobras.
4) Investment in Exploration and the Revelation of Information
The linear equation format for the NPV eases the inclusion of technical uncertainties in q and B by
simulation together with the economic uncertainty of the oil prices P. Consider the following exploratory
example. One oil company (Company X) acquires a tract in a first-sealed bid, with one main prospect and
a second marginal prospect in some area of the tract. The tract is placed into a basin with little exploratory
15
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historic, but the high oil prices in last two years and acquisitions of tracks in the last three years by several
oil companies promise an increasing exploratory activity in this basin. The oil company has 5 years to
explore and present a development plan (in case of success). After this expire its rights over the tract.
The marginal prospect today seems unprofitable, a fair estimate of the expected monetary value8 (EMV) is
negative. Another oil company (Company Y) offers US$ 3 millions for the rights of the tract area that
contains the marginal prospect. Shall Company X accept the Company Y offers?
The only way to prove the existence of a oil reserve is by drilling a wildcat well. But the drilling cost of
this well in deep-waters of this basin cost IW = 20 MM $. In addition, the chance factor CF (probability of
success) is estimate in only 15%. Consider the equation for the expected monetary value (EMV):
EMV = − IW + [CF . NPV] = − IW + CF . (q . P . B – D)

(4)

Assume that in case of success, the discovered reserve has an expected size B of 150 millions bbl, and an
expected economic quality q of 20%. Suppose that the oil prices today is 20 $/bbl and is mean reverting.
Suppose that the development cost is a linear function of the reserve size B, including a fixed cost (200
MM$) that represents the minimum development cost to put any production system. The equation for the
development cost (MM $) in this way is given by:
D = fixed cost + variable cost with reserve size = FC + (VC . B) = 200 + 2 . B

(5)

Here was assumed that the variable cost of development is 2 $/bbl. For the expected reserve size B of 150
million barrels, the development cost is $ 500 million. Using these numerical values into equation (4):
EMV = − 20 + {0.15 . [(0.2 . 20 . 150) – 500]} = – 20 + 15 = – 5 MM $
So, the immediate drilling in the prospect has a negative EMV. However, there is 5 years to expiration of
the rights and we know that the oil price rises to 22 $/bbl for example, the EMV become positive. But in
addition, there is a lot of technical uncertainty in the estimate of the chance factor (CF), expected reserve
size (B) and in the economic quality of the reserve (q), even more due the basin status with few wildcats
already drilled there. The large uncertainty in the basin leverages the value of long-term option prospects.
In 5 years, many wildcats will be drilled in several tracts of this basin, so that new information about the
geology of this basin will be revealed. This revelation of geological information shall change the
expectations of the variables of the equation (4), because change the geologic and geochemistry models
for the basin, the calibration of seismic factors and seismic interpretation, the expectation about the
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reserve size, etc. The revelation is a free information for long-term prospects like the one under analysis.
The revelation can be positive (increasing the EMV) or negative (decreasing the EMV), but both
revelations are useful: a negative information can evict a probable misuse of $ 20 million in the wildcat.
In order to ease the evaluation the prospect under these combined technical and market uncertainties, let
consider a simpler case that the decision to drill the wildcat in the marginal prospect only will be taken at
the expiration in 5 years. The possible values for the EMV at the expiration can be accessed using a Monte
Carlo simulation of the variables from equation (4). The estimate of the technical uncertainties needs a
careful probabilistic analysis of the basin exploratory activity in the next 5 years, and how much this
activity can reveal new information. Assuming this job was performed, Table 3 shows the distributions
and its parameters for the equation (4) variables, which will be revealed in 5 years. In other words, Table 3
presents the possible scenarios for each variable after 5 years of cumulative new exploratory information.
Table 3 – Distributions for EMV Parameters in 5 Years

The table also presents the risk-neutral distribution for the oil prices, in addition to the technical
uncertainty distributions. In the risk-neutral simulation a risk-premium is subtracted from the real drift of
the stochastic process (see for example, Trigeorgis, 1996, pp.102 and 218). The use of risk-neutral
distribution permits the use of the risk-free interest rate to discount the simulated EMV @ 5 years ahead,
in order to get the present value of this EMV. The present value of EMV is necessary for oil business

8

Term largelly used in exploratory economics for the value of a prospect considering the chance factor.
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analysis like tract rights transactions, in this example to compare with the Company Y buying offer of
US$ 3 million for the tract area that contain the marginal prospect. The other distributions are real
distributions because these technical risks have no correlation with market portfolio and do not require
risk premium by diversified shareholders of the Oil Company (so the risk-free interest rate is an adequate
discount rate). In addition, it is possible to put uncertainty in the costs, for example in the wildcat cost,
even more because the drilling rig daily rate are volatile, possibly positively correlated with oil prices.
By combining these uncertainties into the equations (4) and (5) by using a commercial Monte Carlo
software, we can get the benefit value (CF . NPV) distribution at t = 5 years, and so the EMV distribution.
As we are using as expected value of the distributions the same values used in the today’s EMV estimate
(so that we are not more optimistic in the future), the expected value of the EMV distribution generated by
the Monte Carlo simulation, must be approximately the same (− 5 MM$). However, the key for valuation
of the rights is the optional nature of this wildcat investment. In this future date (5 years ahead) a rational
manager only exercise the option to drill the wildcat if the newer estimate EMV is positive. In other
words, if the information revealed in the basin exploratory activity combined with the oil prices evolution
set a positive EMV for this ex-marginal prospect, the rational manager will exercise the option to drill. In
case that the new information reveal that the prospect remains with negative EMV, the option will not be
exercised and the prospect value is zero. Real options’ thinking introduces an asymmetry in the
distribution of the prospect value. The prospect revealed uncertainty combined with the options thinking
(optimal exercise of the option) is illustrated in the Figure 9, a “visual equation for the real option value”.
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Figure 9 – Visual Equation for Real Options Value of the Prospect
The figure also presents the present value (using a risk-free discount rate of 10% p.a.): the value for the
marginal prospect today considering the 5 years to expiration of the real option, is $ 7.58 millions. So, the
$3 millions offered by Company Y is too low for this prospect, and Company X must decline it. The value
of the prospect in reality is even higher because was not considered the possibility of earlier exercise of
the option to drilling, that could be optimal if the prospect become “deep-in-the-money” with sufficient
favorable information before 5 years. The real option is of American type, but this European option
analysis gives an idea about the prospect minimum value and illustrates the point that real options is
leverage by the uncertainty.
5) Alternatives to Invest in Information in a Dynamic Framework
After presenting examples and models for development investment and primary exploratory investment
(wildcat drilling), let us present one example for appraisal investment. Suppose that an oilfield is already
discovered and even some basic appraisal wells were drilled, but a residual technical uncertainty over the
parameters q (reserves quality) and B (reserves size) seems to remain important. Suppose there is two
years to expiration of the concession exploratory rights (when the Oil Company must presents an
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immediate development plan or abandons the concession). Assume that the basin is mature in the sense
that the arrival of external exploratory information is not relevant to reveal new expectation over q and B.
The only way to get more technical information on the parameters q and B is by investing in information.
There are some alternatives to invest in information, each alternative has different costs and different
potential for information revelation. There is even the alternative of not invest in information, named
Alternative 0. The investment alternatives are described as follows. Alternative1 is a long-term production
test in an already drilled well, with the cost to put a rig over the well to perform the test. Alternative 2 is to
drill another appraisal well, a cheaper slim well named ADR (acquisition of data from the reservoir).
Alternative 3 anticipates the development drilling schedule, but in a way that optimize the information
gathering instead to optimize the drilling costs. See Dias (2001) for a detailed analysis of these cases.
For each alternative we can simulated the scenarios revealed by the new information, and for each
scenario revealed we have a normal real options problem that could be solved using models like the
described in the section 2 of this article. But this could be computationally very intensive, because for
each simulated scenario of q and B (and so D, that is function of B) we have to solve the option problem,
finding the threshold curve of P* showed in the Figure 3 of section 2. Is there a more practical way to do
this? Is possible to use any kind of threshold curve that is the same of any combination of q, P, B and D?
Fortunately the answer is yes for both questions! There is a mathematical artifice that helps us in this job.
The mathematical artifice is a normalization of the real options problem that allows a single normalized
threshold curve that is the optimal solution for all combinations these parameters. This insight is derived
from the method used by McDonald & Siegel (1986, specially p.713) when analyzing a real options
problem where both the project value V and the investment cost to develop D follow correlated Geometric
Brownian stochastic processes. In order to reduce the two state variable problem to a single state, they
observed that a normalized threshold (V/D)* is homogeneous of degree zero, in other words, if both V and
D are doubled the optimal exercise of real options is the same. As pointed out by Dixit & Pindyck (1994,
p.210), the real options value is homogeneous of degree one 9 , that is, F(V, D) = D . F(V/D, D/D) = D .
f(V/D). Unfortunately, this result that simplifies the combination of technical with market uncertainties in
real options problems, was proved only for geometric Brownian motion. Using a Monte Carlo framework,
Dias (2001) applies the normalization idea to combine technical uncertainty (that affects both V and D)
together with the stochastic process for the oil prices (that affects linearly V).

9

A function is homogeneous of degree n in x if F(t x) = t n . F(x) for all t > 0, n ∈ Z, and x is the vector of variables.
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With this normalization, we need to solve the real options problem only one time in order to estimate the
normalized threshold curve (V/D)* along the time. With this threshold, we perform Monte Carlo
simulations for the technical uncertainties revealed by the investment in information10 , and for the (riskneutral) stochastic process for the oil prices. Assume that is optimal to invest immediately in information
and it is revealed at the revelation time. Suppose that the current oil prices is 20 $/bbl, and that in the
simulation path, the sampled values were q = 0.2 and B = 100. By using the equations (2) and (5), we get
V = 400 and D = 400, so that V/D = 1 at the time t = 0. After this time, considering that no new technical
information will be revealed, the value of V/D for this project will oscillate only due the oil prices
evolution. For each instant t, we compare the actual V/D with the normalized threshold for optimal
exercise of the real options, previously computed. Figure 10 illustrates this procedure, showing two paths,
one with exercise and other reaching the expiration date without crossing the normalized threshold curve.

Figure 10 – The Normalized Real Options Approach to Include Technical Uncertainty
If V/D ≥ (V/D)*, we exercise the option (see the figure the point A) and calculate the present value (using
the risk-free interest rate). In the opposite case, we wait and see. The paths that do not cross the
normalized threshold curve along the two years of option are worthless. By summing all the present
values for the real option F(t=0) and dividing for the total number of simulations, we get the real options

10

See Dias (2002) for an in-depth analysis of the distribution of conditional expectations (revelation distribution) on the
technical parameter after an investment in information.
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value after the investment in information. Subtracting the cost of information, we get the value of the final
real options value including the investment in information.
Remember that for each alternative, there are different information costs and different distributions for q
and B, inclusive the alternative zero, of not invest in information (with information cost equal zero and
with single values for q and B instead distributions). This procedure is performed for all the alternatives of
investment in information and the real options values considering the information cost for each alternative
are compared. The higher one is the best alternative. In general, large uncertainties in q and B will
enhance the value for alternatives with higher information revelation potential. Think with the “visual
equation for real options” to see this. This simple model above captures this idea.
The last point in this section is the equation necessary to perform the risk-neutral Monte Carlo simulation
of the oil price. For the Geometric Brownian Motion, the risk-neutral sample paths are simulated with the
equation below, applied to each instant t using the oil price from the previous instant t −1:
Pt = Pt−1 exp{ (r − δ − 0.5 σ2 ) Δt + σ Ν(0, 1)

Δt }

(6)

In the equation above, Δt represents the time-step in the simulation, N(0, 1) is the standard Normal
distribution (mean = zero and variance = 1), and the remaining variables are as before. By sampling values
from the N(0, 1) distribution, we get a whole path along the time and repeating this procedure several
times we get several paths. For the real stochastic process (instead the risk-neutral one), just substitute the
risk-neutral drift r – δ by real drift α. But for the real options valuation in complete markets, the riskneutral one is all that matters for most applications.
6) The Option to Expand the Production Using Optional Wells
Sometimes the best way to reveal information about the remaining technical uncertainties in the oilfield is
by using the information generated by the cumulative production in the field and/or measuring the bottomhole pressure after months or few years of cumulative production. In these cases, the investment in
information before the oilfield development is not adequate due the low potential to reveal information in
relation to its cost to obtain.
The proper way in this case to get economically the information is to embed options to expand the
production into the selected alternative, so that depending of the revealed information, we exercise or not
the option to expand the production. In case of oilfield development, a good way is to select some optional
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wells, which will be drilled only in favorable scenarios. In addition, the exactly optimal locations for these
wells also depend of the information generated by the initial oilfield production.
There are some costs to embed this option to expand. For example, the processing plant at higher cost
could be dimensioned considering this possibility. Other way is by leaving space in the production unit
(for example an offshore floating platform, where the area has a relatively high cost) in order to amply the
capacity in case of exercise of the options to drill these optional wells. The third way is to wait the main
production decline (reservoir depletion) in order to integrate these wells when the processing capacity
permits (see Ekern, 1988). But even in this last case, is necessary to consider the possible new load in the
platform from the optional new lines and a possible additional cost because the subsea layout must
consider the possibility of optional well to be drilled and its flowlines going to the production platform.
However, these costs to embed the optional wells are, in general, only a fraction of the potential benefit of
drilling these wells in the favorable scenarios (including favorable market scenarios for oil prices).
The economic analysis of the option to expand with optional wells requires an in-depth study of marginal
contribution from each well in the overall oilfield development. In this study is necessary to identify the
candidate wells that can become optional wells. Wells with higher reservoir risk are primary candidates
because with new reservoir information these wells can become unnecessary or its optimal location could
be different. The other class of optional well candidates is that resultant of the marginal well contribution
for wells that presented negative NPV or even a small positive NPV11 so that the option to drill these wells
are not “deep-in-the-money”.
One feature that in general can be important is the secondary depletion in the area of the optional well.
The production of the main wells causes a pressure differential in the reservoir with some migration of the
oil in the optional well area. In most cases the oil migration doesn’t mean that the main wells will produce
this oil, or if this oil is produced, it takes too long time to be produced by distant wells. This secondary
depletion acts as a dividend lost by the option holder and so has the same effect of dividend yield in the
traditional real options models (higher incentive to drill the optional well as higher is the secondary
depletion).
The general method to analyze the option of expansion through optional wells is:
•

Define the quantity of wells “deep-in-the-money” to start the basic investment in development by the
marginal analysis of each well using several reservoir simulations;

11

The direct method to estimate the marginal NPV of a well is by reservoir simulation with and without each well. With the
production profiles in each case, the two NPVs are calculated and the marginal NPV is just the difference between these NPVs.
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•

Define the maximum number of optional wells;

•

Define the timing (or the accumulated production) that the reservoir information will be revealed;

•

Define the of marginal production of each optional well as function of uncertain parameters and the
possible scenarios (distribution) to be revealed by the cumulative production;

•

Consider the secondary depletion in the optional well area if we wait after learn about reservoir;

•

Simplify by limiting the expiration of the option to drill the optional wells (remember the declining
NPV due the secondary depletion);

•

Add market uncertainty, simulating a stochastic process for oil prices and perhaps for the daily rate of
rigs that could drill the optional wells;

•

Combine uncertainties using Monte Carlo simulation;

•

Use an optimization method to consider the earlier exercise of the option to drill the wells, and
calculate option value; and

•

Compare this option value with the cost to embed the option to expand. The option value must be
higher than the cost to embed the option, to justify this flexibility cost into the development plan.

The Figure 11 below presents the timeline of the option to expand problem that help us understand a
practical modelling of this problem.

Figure 11 – Timeline for the Option to Expand Model Using Optional Wells
In the figure is considered the time to build of three years to construct the production platform, including
the processing plant, the pipelines, the drilling of development wells, etc. In the year 3 occurs the
production start-up, and between the years 3 and 4, the initial production of the wells and eventual tests
give us all relevant technical information for this example. The period from year 4 until the year 9, the
exercise of the option to drill is considered for the optional wells that had reservoir uncertainty before the
initial production. The deadline at year 9 is only a practical setting due both the secondary depletion effect
and the distant benefit meaning low present value, so that the option value is too small after year 9. The
figure also present the timeline for the optional well i that could be drilled at a random instant between
years 4 and 9. In this example, the Monte Carlo simulation for the technical uncertainty is placed only at
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t = 4 and the simulation for the stochastic process for the oil prices start in t = 0 and is necessary only until
the exercise of the drilling option (at τ = 0). After the option exercise is necessary only the expected value
curve for the oil prices because no other options (like abandonment) are considered that could introduce
asymmetries in the value distribution.
The valuation of the option to expand is another research project under development between PUC-Rio
and Petrobras. The implementation of this approach needs an active management in all phases of the
project. The communication between the project teams in different project phases is necessary to preserve
the embedded flexibility of the production unit and subsea layout, against the desire of “optimization” and
“cost reduction” that could destroy the option value by not informed project teams in subsequent phases.
7) Concluding Remarks
In this article was described the classical model of Paddock, Siegel & Smith that exploits a simple analogy
between American call options and real options model for oilfield development. In addition were
discussed different models of the stochastic processes for oil prices, mainly using insights from recent
papers of Pindyck and Schwartz, perhaps the two main experts in this subject.
Along this article were illustrated the main cases of the real options process that occur in upstream
petroleum applications, showed in the Figure 1. The cases presented were the selection of mutually
exclusive alternatives to develop an oilfield; the option to drill a wildcat in an unexplored basin
considering the information revelation issue; the option to invest in information in the ending of the
appraisal phase, including a mathematical artifice to incorporate the technical uncertainty into a dynamic
framework together with oil price uncertainty; and the case of the option to expand using the concept of
optional wells.
Several other real options applications of interest for exploration and production of petroleum were not
analyzed in this article, for brevity. For example, models for valuation of exploratory prospect including
the option to abandon the sequential investment plan in the appraisal phase (see Dias, 1997, for a simple
model). The valuation of petroleum reserves with models like Brennan & Schwartz (1985) and Dixit &
Pindyck (1994, chapter 7), as performed by Oliveira (1990), is a useful insight mainly for mature reserves,
where the options of temporary stopping and abandonment are very important. Other interesting model
could be the valuation of deep-waters technology using real options approach. This technology not only
adds value to the current portfolio of concessions of an oil company, as also permits that the firm entry in
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areas and obtain business opportunities that are not available for oil companies that don’t have this knowhow. The description and analysis of these models are left for a future article.
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Abstract
We apply a real options approach to analytically characterize the option value of adopting
an intermediate technology. We design an asymmetric duopoly model to delineate how the optimal adoption timing of an intermediate technology depends on the embedded upgrading options
available to the ﬁrm itself and to its future rival. Focusing on diﬀusions we develop explicit representations demonstrating that the threshold of adopting an intermediate technology depends
negatively (positively) on the leader’s (follower’s) upgrading intensity. For geometric Brownian
motion we explicitly characterize the iso-incentive curves keeping the leader’s incentives of adopting the intermediate technology invariant.
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1

Introduction

Recently we have witnessed that European telecommunication operators have made enormous
irreversible investments into the mobile UMTS technology. For example, Table 1 shows the
price per capita raised for rather similar blocks of spectrum frequencies sold for third generation
mobile-phone services in six European countries during year 2000. These spectrum auctions
cumulatively raised approximatively US$ 100 billion, which constitutes more than 1.5 per cent
of the combined GDP of these countries. Still the long run forecasts of many experts seem to
cast serious doubts on the technological capability as well as the competitiveness of the UMTS
technology for the estimated large-scale future demand of datatransmission and internet-based
communication. If these perspectives are correct the UMTS technology might represent a fairly
temporarily limited phase in the dynamic development of the telecommunications industry. But,
why then did the ﬁrms invest so heavily in this technology by, for example, oﬀering the spectacular
bids we observed in countries like Germany or UK? This study will elaborate the hypothesis that
intermediate technologies can be seen as strategic real options, which might play a signiﬁcantly
important role in the competition taking place within the framework of future generations of
improved technologies.
Country
Austria
Germany
Italy
Netherlands
Switzerland
UK

Euros per capita
100
615
240
170
20
630

Table 1 Revenues from European 3 G Mobile Spectrum Auctions Completed in 2000.
The adoption of new technologies typically represents a critical component of ﬁrms’ investment policies. Adoption decisions tend to be predominantly irreversible and the timing of acquiring a new technology constitutes a key strategic decision for a ﬁrm. Premature adoption might
often be very risky, but could potentially yield signiﬁcant comparative advantages. In particular,
adoption of a currently available, but still intermediate, technology may generate experience and
knowledge necessary for improved access to subsequent generations with upgraded versions of
the new technology. In line with the inﬂuential investment approach manifested in the extensive
books by Dixit and Pindyck (1994) and Trigeorgis (1996) the opportunity of adopting a new
uncertain technology can be viewed as representing a real option to the ﬁrm. In light of the
prospect of successive generations of technologies building on each other, the investment outlays
of adoption can be cast as a sequence of embedded options.
A decision to adopt a presently available, possibly intermediate, version of a new technology
will have ramiﬁcations on the ﬁrm’s future options. In particular, the value to the ﬁrm of upgrading to a new generation of technology can be expressed as that of an option to exchange one risky
asset, the incumbent technology, for another risky asset, an upgraded technology with a stochastic arrival time in the future. In Alvarez and Stenbacka (2001) we develop an approach based
on the Green representation of Markovian functionals for ﬁnding the optimal exercise thresholds
both of the ordinary real option associated with the updating decision and of the compound
real option associated with the incumbent, possibly intermediate, technology. That study also
characterizes how the real option values depend on the underlying market uncertainty and on the
uncorrelated technological uncertainty regarding future technology improvements. However, the
focus of that study is restricted to industries in which there is no strategic interaction between
the adoption timings of the ﬁrms.
In the present analysis we apply a real options approach based on Green functions to analytically characterize the option value associated with the adoption of an intermediate technology.
We formally design an asymmetric duopoly model in order to delineate how the optimal adoption
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timing of an intermediate technology for a ﬁrm (the leader) depends on the embedded upgrading
options available to the ﬁrm itself as well as to its rival (the follower). The option value is shown
to be increasing as a function of the attractiveness of the embedded upgrading options available
to the leader, whereas it is decreasing as a function of the quality of the embedded upgrading
options which spill over to the follower. In particular, with our focus on stochastic processes
evolving according to a geometric Brownian motion and well-speciﬁed restrictions on the type
of cash ﬂows, we explicitly characterize the optimal timing of when to adopt an intermediate
technology. From this characterization we are able to conclude that the threshold of adopting
the intermediate technology depends negatively (positively) on the leader’s (follower’s) upgrading
intensity. Furthermore, we explicitly characterize the iso-incentive curves describing the locus of
those upgrading intensities (for the leader and the follower) which keep the leader’s incentives of
adopting the intermediate technology invariant.
Our model can be seen to make a contribution to the analysis of optimal sequential investment
behavior for ﬁrms facing multi-stage projects. This literature includes Dixit and Pindyck (1994),
Dutta (1997), Bhattacharya et al. (1986) as well as Alvarez and Stenbacka (2001). However, these
contributions all focus on industries with no strategic interactions between the ﬁrms. Relative
to the existing literature the value added of the present analysis lies in the evaluation of how the
presence of strategic interaction between future improved technology generations will impact on
the adoption timing of a present, intermediate technology.
Our study proceeds as follows. In Section 2 we present our general stochastic duopoly model
of sequential technologies with the feature of strategic interaction between future and improved
technologies. In Section 3 we characterize the upgrading of the intermediate technology. Section
4 characterizes the timing of adoption of the intermediate technology with a particular emphasis
on how spillovers to the rival will impact on this timing. Finally, we oﬀer some concluding
comments in Section 5.

2 A Model of Strategic Adoption of an Intermediate Technology
Consider the strategic interaction between a ﬁrm with access to an intermediate technology, the
leader (L), and a rival ﬁrm, the follower (F), with a potential to enter the market with a future
improved version of the technology. Initially, the intermediate technology (I) generates a ﬂow of
revenues π I,0
L : R+ → R. This revenue ﬂow accruing to L depends on a stochastic state variable,
which evolves over time according to a process to be speciﬁed below. Further, the experience
accumulated through the adoption of the intermediate technology opens the option of updating
the intermediate technology (I) to a superior and ﬁnal technology (U). The timing of arrival of the
updated technology is stochastic. More precisely, the updated technology becomes available to L
with an arrival time τL which is exponentially distributed with a parameter λL . Thus, adoption
of the intermediate technology opens up an imbedded real option of a stochastic technology
improvement governed by a Poisson process with the parameter λL . At the moment of updating
its intermediate technology the irreversible cost for L is given by cL . The experience accumulated
through L’s adoption of the intermediate technology will also generate spillover eﬀects. Thereby
F beneﬁts stochastically in the sense that L’s adoption of the intermediate technology opens up
the opportunities for F to acquire the ﬁnal technology. The ﬁnal technology becomes available
to F with an arrival time τF . This arrival time is exponentially distributed with a parameter λF
satisfying the property that λF ≤ λL . Consequently, L’s adoption the intermediate technology
initiates a Poisson process for both L and F with respect to the arrival date of the updated
technology version and the intensity of this Poisson process is higher for L than for F so as
to capture the natural feature that L is able to beneﬁt from the intermediate technology to a
higher extent than F . However, the stochastic nature of the arrival processes implies that it
could perfectly well happen that F succeeds to adopt the updated technology earlier than L.
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Especially, we observe that
P[τ ≤ τ ] =
L

F

λL
λ +λ
L

≥
F

λF
= P[τ ≥ τ ] and E[τL ]
λ + λF
L
F
=
L

1
1
≤
= E[τ ].
λ
λF
F

L

Consequently, we ﬁnd that the closer is λ to λL , the closer the expected arrival dates are to each
other. Analogously, the closer is λ to λFL , the closer is the probability 1/2 of the event that F
F than L. In the limit where neither of the parties dominates
adopts the updated technology earlier
stochastically the updating opportunity and λ = λ , we have that P[τ ≤ τ ] = P[τ ≥ τ ]
L
F
L
F
L
F
=
1/2 and E[τ ] = E[τL ]. The joint probability distributions determining the expected order of
adoption areFpresented in detail in section 3. At the moment of adopting the ﬁnal technology
the irreversible cost for F is given by c . Again we assume L’s experience with the intermediate
F cost advantage so that c ≤ c . At each point in time
technology to translate into an adoption
i,j
L
F we let π L denote the
the revenue ﬂow is determined by the prevailing market structure. Firstly,
revenue ﬂow accruing to L when the state variable is x and when (i, j) summarizes the state of
the technology such that i ∈ {I, U } indicates whether L makes use of the intermediate (I) or the
updated technology (U ), whereas j ∈ {0, U } describes whether F has entered
) with the updated
technology (U ) or whether it is still inactive (0). Secondly, we deﬁne π Fi,j (x as the revenue ﬂow
of F when the state variable is x and when now (i, j) summarizes the state of the technology such
that i ∈ {0, U } indicates whether F has entered with the updated technology (U ) or whether it
)
L
is
still
whereas
j ∈ {0, Urevenues
} delineates
technology
by L. In technology,
particular,
(x inactive
denotes (0),
the ﬂow
of monopoly
to the
associated
withadopted
the intermediate
π I,0
L

U,0 (x
whereas analogously πL
) captures the monopoly revenues for the updated technology.
Given these assumptions, it is clear that the cash ﬂow of the leader now reads as

πL (t, x, τ̄ ) =

I,0
U,0
U,U
πL
(x)1[0,τL ) (t) + πL
(x)1(τL ,τF ] (t) + πL
(x)1(τF ,∞) (t),
,
π I,0 (x)1
I,U
U,U
(t)
+
π
(x)1
(t)
+
π
[0,τF )
(τF ,τL ]
L
L
L (x)1(τL ,∞) (t)

where τ̄ = (τL , τ ), and

τ < τF
>
τ L τF ,

(2.1)


1, x ∈ A
1A (x) =
0, x ∈ A

F

denotes the indicator (or characteristic) function of the set A. We make the following assumption
regarding the relationship between the market structure and the revenue ﬂows.
Assumption 2.1. For all x ∈ R

the following relationships hold:
)
)
>
> I,U
I,0
πL (x ) πL
>
> I,U
U,U
(x
πL
πL (x)
>
U,U
πF (x)
=
πFU,U (x).

+)
U,0 >
π(x
L (x) 0
U,0
(x)
πL
U,I
πF (x)
U,U
(x
πL

(2.2)
(2.3)
(2.4)
(2.5)

Assumption (2.2) states the natural idea that the updated technology is superior to the
intermediate technology in the sense that it yields higher monopoly revenues. Furthermore, successful
adoption on behalf of the follower is assumed to burden the proﬁts of the leader. Assumptions
(2.3) and (2.4) formalize the notion that successful implementation of the updated technology
yields competitive advantages. Assumption (2.5) means that the two rivals are symmetric in
the product market in case they have both succeeded to implement the updated technology. In
Assumption 2.1 the relationships (2.2) and (2.3) imply that there are ﬁrst mover and second
mover advantages, respectively. In line with, for example, Reinganum (1981) and Stenbacka and
Tombak (1994) we assume the ﬁrst mover advantages to dominate relative to the second mover
advantages. This is formally expressed by
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Assumption 2.2. Deﬁne the mapping Δ : R+ → R by
−
− +
−
)
)
I,0
U,U
U,0 )
π (x
(π (x
π I,U (x))
Δ(x) = πL (x
L

L

(2.6)

L

This mapping satisﬁes the inequality Δ(x) > 0 for all x ∈ (0, ∞).
Finally, throughout our study we require that the following assumption holds.
)
)
i,j
(x and πFi,j (x are monotonically increasing as functions
Assumption 2.3. The proﬁt ﬂows πL
of the current state x.
This assumption implies, in particular, that the cash ﬂow of a ﬁrm is increasing independently
of the order at which the upgrading dates τ and τ are realized. It should, however, be
L
emphasized that the order of the upgrading dates,
τ F and τ , will in an essential way aﬀect
the speed whereby the proﬁt ﬂows increase as functionsLof x. F
We assume that the underlying state variable evolves according to a linear, time homogeneous,
and regular diﬀusion process deﬁned on the complete ﬁltered probability space (Ω, P, {F t }t≥0 ,
F)
and evolving on the state-space R according to the dynamics described by the Itô-stochastic
+
diﬀerential equation
X(0) = x,
(2.7)
dX(t) = μ(X(t))dt + σ(X(t))dW (t),
where both the drift coeﬃcient μ : R+ → R and the diﬀusion coeﬃcient σ : R+ → R are
+
assumed to be suﬃciently smooth for guaranteeing the existence and uniqueness of a solution
for the stochastic diﬀerential equation (2.7) (at least continuous, cf. Borodin and Salminen
(1996), pp. 46–47), and W (t) denotes standard Brownian motion. We assume that this process
is independent of the adoption timings. In order to avoid interior singularities, we also assume
that the diﬀusion coeﬃcient σ(x) is positive, that is, we assume that σ(x) > 0 for all x ∈ (0, ∞).
Moreover, since we are not interested in potential default we further assume that the boundaries
0 and ∞ of the state-space are natural for the process X(t). Given the diﬀusion X(t), denote
now as L1 (R+ ) the class of measurable mappings satisfying the absolute integrability condition
(i.e the absence of speculative bubbles condition)
Ex

∞

0

e−rt |f (X(t))|dt < ∞.

For any f ∈ L1 (R+ ) we deﬁne the functional Rr f : R+ → R as

(Rr f )(x) = Ex

∞

0

e−rt f (X(t))dt.

Moreover, it is well-known that given the assumptions of our study, there are two linearly independent fundamental solutions ψ(x) and ϕ(x) satisfying a set of appropriate boundary conditions
based on the boundary behavior of the process X and spanning the set of solutions of the ordinary
diﬀerential equation ((A − r)u)(x) = 0 (cf. Borodin and Salminen, pp. 18 - 19). Moreover,
ϕ (x)
ψ  (x)
ϕ(x)
−
ψ(x) = B,
S  (x)
S  (x)
where B > 0 denotes the constant Wronskian of the fundamental solutions ψ(x) and ϕ(x) and
 

2μ(x)dx
S  (x) = exp
σ 2 (x)
denotes the density of the scale function of X.

−
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3

Upgrading of the Intermediate Technology

In order to derive an explicit representation of the real option value of the leader’s opportunity
to update its technology at τL we have to derive the probability distributions characterizing the
joint probability distributions of the dates τL and τF given that the order of the outcomes are
known. These distributions and their densities are derived in Appendix A of this paper. Deﬁne
now the random variable D(τF , τL ) = τF − τL measuring the diﬀerence between the arrival dates
of the upgraded technology. It is clear that given our observations in the previous section, the
expected diﬀerence
λL − λ F
>0
E[D(τF , τL )] =
λF λL
is increasing as a function of the intensity λL and decreasing as a function of λF . Moreover, given
the joint probability distributions of the dates τL and τF given that the order of the outcomes
are known, we ﬁnd that
λL
E[D(τF , τL ); τL ≤ τF ] =
λF (λF + λL )
and
E[D(τF , τL ); τL > τF ] = −

λF
.
λL (λF + λL )

Consequently, we ﬁnd that the expected duration of future monopoly beneﬁts accruing to the
leader is an increasing function of the intensity λL and a decreasing function of λF . Similarly,
we observe that the expected duration of the beneﬁts for the leader to catch up given that
the follower has upgraded his technology ﬁrst is a decreasing function of λ L and an increasing
function of λF .
Given the joint probability distributions of the arrival dates τL and τF when the order of the
outcomes are known, we ﬁnd that the real option value can be expressed as
 ∞
e−rs πL (s, X(s), τ̄ )ds = ΓL,1 + ΓL,2 ,
(3.1)
VL (x) = Ex
0

where elementary calculus can be applied to establish that


λL
I,0
U,0
I,0
ΓL,1 =
(Rr πL
)(x) + Ex e−rτL (Rr (πL
− πL
))(XτL ); τL < τF
λL + λ F


U,U
U,0
+ Ex e−rτF (Rr (πL
− πL
))(XτF ); τL < τF
and
ΓL,2 =



λF
I,0
I,U
I,0
(Rr πL
)(x) + Ex e−rτF (Rr (πL
− πL
))(XτF ); τL > τF
λL + λ F


U,U
I,U
+ Ex e−rτL (Rr (πL
− πL
))(XτL ); τL > τF .

In (3.1) the term ΓL,1 measures the expected cumulative present value of the cash ﬂow accrued by
the leader given that the leader receives the upgraded technology prior to the follower and ΓL,2
measures the expected cumulative present value of the cash ﬂow accrued by the leader when the
opposite happens. Given these ﬁndings, we have been able to demonstrate that the real option
value of the leader reads as
U,U
U,0
− πL
)))(x)
VL (x) =(λL + λF )(Rr+λL +λF (Rr Δ))(x) + λF (Rr+λF (Rr (πL
I,0
U,U
I,U
+ (Rr πL
)(x) + λL (Rr+λL (Rr (πL
− πL
)))(x),

(3.2)

where Δ(x) > 0, as we have assumed the ﬁrst mover advantages to dominate relative to the second
mover advantages (Assumption 2.2). It is worth pointing out that the assumed monotonicity of
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the cash ﬂows imply that that the expected cumulative present value of the cash ﬂow π L (t, x, τ̄ )
is increasing as well (since expectation preserves ordering) and, therefore, that the real option
value VL (x) of the leader is increasing as a mapping of the current state x. It is also worth
emphasizing that according to the classical resolvent equation, we have under the assumptions
of our study that for any λ ∈ R and f ∈ L1 (R+ )
+

(Rr f )(x) − (Rr+λ f )(x) = λ(Rr+λ (Rr f ))(x).
Consequently, we ﬁnd that the real option value VL (x) can be rewritten as
)−
VL (x) = (Rr π U,U x −
U,
L )( )
(Rr+λL +λ Δ)(x
(Rr+λ (π U,U L − π 0
F
F
L ))(x)

(3.3)

− (Rr+λL (π U,U L − π I,U L ))(x).
From (3.2) we can conclude
that the real option value of the
− leader reads as
U,0
I,0
VL (x) = (Rr πL
)(x) + λL (Rr+λL (Rr (πL

I,0
πL
)))(x)

(3.4)

whenever λ ↓ 0, that is, whenever the follower can never upgrade its technology. As is clear
F
from (3.3), the
real option value (3.4) can also be−expressed as
U,0 x
−
)(
))(x)
VL (x) = (Rr πL
)
(Rr+λ (π U,0 L
π I,0 L
L
This real option value captures the sum of the current production potential (in terms of the
current incumbent technology) and the expected cumulative present value accrued from upgrading
the incumbent intermediate technology, i.e., the expected cumulative present value of the
ﬁrst mover advantage (which is sure when λ ↓ 0 since then the follower is never expected to
F
upgrade).
Another important extreme case is the case where the leader is expected to be able to adopt
instantaneously the upgraded technology, that is, when λ ↑ ∞. In that case the real option
L −
value of the leader reads as
F

U,U
U,0
)(x) + λ (Rr+λF (Rr (πL
VL (x) = (Rr πL

U,0
πL
)))(x)

(3.5)

The reason for this ﬁnding is obvious. If λ ↑ ∞, then the leader expects that the upgraded
technology can be adopted immediately and,L consequently, that the follower can never be ﬁrst.
Again, (3.3) implies that the real option value (3.5) can in this case also be rewritten as
VL (x) = (Rr π U,U x −
L )( )

−

))(x).
π U,0 L
In order to characterize the comparative static properties of the real option value V L (x) more
precisely, we ﬁrst present the next auxiliary result:
(Rr+λ (π U,U L
F

Lemma 3.1. The real option value VL (x) Ris continuously
diﬀerentiable with respect to the
we have
intensities λ and λ . Moreover, for all x ∈ +
∂
∂
∂VL
L
F
U,U
(x) = −
(Rr+λL +λF Δ)(x) −
(Rr+λL (πL
− π I,U ))(x) > 0,
∂λL
∂λL
∂λL
L
and

∂
∂
∂VL
U,U
U,0
(x) = −
(Rr+λL +λF Δ)(x) −
(Rr+λF (πL
− πL
))(x) < 0.
∂λF
∂λF
∂λF

Proof. See Appendix B.
Lemma 3.1 establishes that an increase in the intensity λ will unambiguously increase the
L
value of the real option value VL (x). Similarly, Lemma 3.1 also
establishes that an increase in
the intensity λ unambiguously decreases the option value VL (x).
F
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4

Adoption of the Intermediate Technology

Adoption of the intermediate technology represents a real option available to the leader. With
kL denoting the irreversible cost of adopting the intermediate technology the value of this real
option is given by

(4.1)
JL (x) = sup Ex e−rτ (VL (X(τ )) − kL ) ,
τ

which incorporates the upgrading opportunity embedded in VL (x). Before presenting a set of
necessary conditions under which the valuation problem (4.1) can be solved explicitly, we ﬁrst
state a set of generally valid conclusions characterizing the comparative statics of the value of
the optimal adoption policy. In order to accomplish this task, we denote as JˆL (x) and V̂L (x)
the values in the presence of the intensity λ̂L satisfying the inequality λ̂L ≥ λL . Similarly, we
denote as J˜L (x) and ṼL (x) the values in the presence of the intensity λ̃F satisfying the inequality
λ̃F ≥ λF . Our main results characterizing the comparative statics1 of the value of the optimal
adoption policy are now presented in
Theorem 4.1. An increase in the intensity λL (λF ) increases (decreases) the value JL (x). More
precisely, JˆL (x) ≥ JL (x) and J˜L (x) ≤ JL (x) for all x ∈ R+ .
Proof. See Appendix C.
Theorem 4.1 shows that the sign of the relationship between the intensity λ L and the value
JL (x) is unambiguously positive under the conditions underlying this theorem. Thus, an improvement in the quality of the leader’s updating option will increase the value of the embedded
option associated with the intermediate technology. In a similar manner, by speeding up the arrival of the updated technology to the follower an increase in the upgrading intensity λ F impacts
negatively on the option value of the intermediate technology to the leader, since the increased
spillovers to the follower reduce the probability of monopoly proﬁts for the leader.
In light of the well-known properties of the Poisson distribution it is worth pointing out that
the conclusions above can equally well be interpreted in terms of the uncertainty aﬀecting the
intensities of updating. More precisely, an increase in the intensity λ L decreases not only the
expected arrival date of the updated technology, but it simultaneously decreases the variance
λ−2
L and, thus, the uncertainty of the arrival of the updated technology. Consequently, an
increase in the uncertainty of the ﬁrm-speciﬁc updating process will increase the option value
of the intermediate technology. On the other hand, we can conclude that an increase in the
uncertainty of the updating opportunities facing the rival will decrease the option value of the
leader’s intermediate technology. In fact, we can interpret this as a negative strategic impact of
the uncertainty incorporated in the follower’s updating opportunity on the option value of the
leader’s intermediate technology.
A set of generally satisﬁed suﬃcient conditions under which the optimal adoption problem is
explicitly solvable is now summarized in the following.
Theorem 4.2. Assume that the mapping H(x) = (VL (x) − kL )/ψ(x) attains a unique global
maximum at x∗ = argmax{H(x)} ∈ R+ , and that (AVL )(x) ≤ r(VL (x) − kL ) for all x ∈ (x∗ , ∞).
Then, the optimal adoption date is τ (x∗ ) = inf{t ≥ 0 : X(t) ≥ x∗ } and the value of adopting the
intermediate technology is

VL (x) − kL , x ≥ x∗
(4.2)
JL (x) = ψ(x) sup[H(y)] =
H(x∗ )ψ(x), x < x∗ .
y≥x
1

It should be emphasized that the real option value of adopting the intermediate technology will satisfy ordinary
comparative static properties with respect to the mean and variance of the underlying diﬀusion X.
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Especially,
VL (x∗ )ψ(x∗ ) = (VL (x∗ ) − kL )ψ  (x∗ )
and the value JL ∈ C 1 (R+ ) ∩ C 2 (R+ \{x∗ }) satisﬁes for x ∈ R+ the variational inequalities
min{((r − A)JL )(x), JL (x) − (VL (x) − kL )} = 0.

(4.3)

Proof. See Appendix D.
Theorem 4.2 deﬁnes a set of suﬃcient conditions under which the optimal adoption problem
has a unique solution. In order to develop an intuitive explanation of Theorem 4.2, assume that
the leader decides to adopt the intermediate technology whenever the diﬀusion X(t) exceeds a
given arbitrary state y ∈ R+ implying that the adoption date is τ (y) = inf{t ≥ 0 : X(t) ≥ y}.
The resulting value of such policy is
x≥y
L (x) − kL
ψ(x)
x<y
(V
(y)
−
k
)
L ψ(y)
 L
V
The potential sub-optimality of this class of decision rules clearly implies that G(x, y) ≤ J L (x).
Theorem 4.2 essentially speciﬁes a set of conditions under which the value of adopting the intermediate technology can be expressed in terms of the auxiliary mapping G(x, y) as
G(x, y) =

JL (x) = G(x, x∗ ).
Thus, the optimal value of adopting the intermediate technology can be attained by choosing
that state at which G(x, y) is maximized as the adoption threshold. It is worth emphasizing
that the ordinary ﬁrst order condition Gy (x, x∗ ) = 0 then implies the smooth-pasting condition
VL (x∗ )ψ(x∗ ) = (VL (x∗ ) − kL )ψ  (x∗ ).
In order to characterize the sign of the relationship between the updating intensities and
the threshold x∗ at which the intermediate technology is optimally adopted, we now deﬁne the
mapping
VL (x)
.
H(x, λL , λF ) =
ψ(x)
We can now establish the following:
Corollary 4.3. Assume that the conditions of Theorem 4.2 are satisﬁed.
(i) If HxλL (x, λL , λF ) < 0 for all x < y and λL > λF , then
(ii) If HxλF (x, λL , λF ) > 0 for all x < y and λL > λF , then

∂x∗
∂λL
∗

∂x
∂λF

< 0.
> 0.

Proof. See Appendix E.
Corollary 4.3 presents a set of conditions under which we can unambiguously determine
the sign of the relationship between the updating intensities and the threshold x ∗ at which the
intermediate technology is optimally adopted. Especially, we ﬁnd that the sign of this relationship
is essentially determined by the sensitivity of the mapping Δ(x) = VL (x)ψ(x) − VL (x)ψ  (x) with
respect to changes in the updating intensities. It is worth emphasizing that although the eﬀect of
a change in one of the updating intensities to the real option value VL (x) is known (from Lemma
3.1), the eﬀect on the marginal value VL (x) is not known. The result of Corollary 4.3 dealing
with the impact of an increase in λL is illustrated in the following ﬁgure.
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Figure 1: The impact of an increase on λL to VL (x) and JL (x)

4.1

Explicit Processes: An Illustration

In order to illustrate the general results incorporated in Theorem 4.2 we now focus on an environment where the stochastic process as well as the cash ﬂows are made explicit. More precisely,
we assume the conditions (A) and (B) to hold.
(A) The controlled process evolves according to a geometric Brownian motion. This means that
X(t) constitutes the solution of the stochastic diﬀerential equation
dX(t) = μX(t)dt + σX(t)dW (t)

X(0) = x,

(4.4)

where both the drift coeﬃcient μ ≥ 0 and the volatility coeﬃcient σ > 0 are exogenously given
constants.
i,j
i,j
θ
(x) = ai,j
(B) The cash ﬂows are of the form πL
L x , where aL ∈ R+ and θ ∈ R+ are known
constants.

It is well-known that under the circumstances deﬁned by (A) and (B), we have that
i,j
)(x) =
(Rr πL

θ
ai,j
L x
r − δ(θ)

provided that the absence of speculative bubbles condition (i.e. absolute integrability condition)
r > δ(θ) = μθ + σ 2 θ(θ − 1)/2 is met. Similarly, we observe that
(λL + λF )(Rr+λL +λF (Rr Δ))(x) = (λL + λF )

I,0
U,U
θ
(aU,0
+ aI,U
L )x
L − aL − aL
,
(r − δ(θ))(r + λF + λL − δ(θ))

(4.5)

U,0
U,U
λF (Rr+λF (Rr (πL
− πL
)))(x) = λF

θ
(aU,U
− aU,0
L )x
L
,
(r − δ(θ))(r + λF − δ(θ))

(4.6)

U,U
I,U
λL (Rr+λL (Rr (πL
− πL
)))(x) = λL

θ
(aU,U
− aI,U
L )x
L
.
(r − δ(θ))(r + λL − δ(θ))

(4.7)

and
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Consequently, we ﬁnd that the real option value reads as
VL (x) =

A(θ, λL , λF )xθ
,
r − δ(θ)

(4.8)

where
A(θ, λL , λF ) = aI,0
L + (λL + λF )
+ λF

I,0
U,U
(aU,0
+ aI,U
L − aL − aL
L )
(r + λF + λL − δ(θ))

(aU,U
− aU,0
(aU,U − aI,U
L
L )
L )
+ λL L
.
(r + λF − δ(θ))
(r + λL − δ(θ))

Standard diﬀerentiation of the multiplier A(θ, λL , λF ) with respect to the intensity λL now yields
that
I,0
U,U
(aU,0
(aU,U
+ aI,U
− aI,U
∂A
L − aL − aL
L )
L
L )
(θ, λL , λF ) = (r − δ(θ))
+
2
∂λL
(r + λF + λL − δ(θ))
(r + λL − δ(θ))2

> 0,

(4.9)

I,0
U,U
since aU,0
− aI,U
and aU,U
> aI,U
by assumption. That is, increasing the inL − aL > aL
L
L
L
tensity at which the updated technology can be adopted increases the real option value V L (x).
Diﬀerentiating the multiplier A(θ, λL , λF ) now with respect to the intensity λF yields
I,0
U,U
(aU,0
(aU,U
+ aI,U
− aU,0
∂A
L − aL − aL
L )
L
L )
(θ, λL , λF ) = (r − δ(θ))
+
∂λF
(r + λF + λL − δ(θ))2
(r + λF − δ(θ))2

< 0,

(4.10)

I,0
since it was assumed that aI,U
L < aL (assumption (2.2)). In other words, increasing the intensity
λF decreases the real option value VL (x). It is now an elementary exercise to establish that A(θ)
can be rewritten as

(r − δ(θ))
(r − δ(θ))λL
aI,0 +
aU,0
(r + λL + λF − δ(θ)) L
(r + λL + λF − δ(θ))(r + λF − δ(θ)) L
(r − δ(θ))λF
aI,U
+
(r + λL + λF − δ(θ))(r + λL − δ(θ)) L
λL λF (2(r − δ(θ)) + λL + λF )
aU,U
+
(r + λL + λF − δ(θ))(r + λL − δ(θ))(r + λF − δ(θ)) L

A(θ, λL , λF ) =

which is positive by assumption. The value of the real investment opportunity to adopt the
intermediate technology is now given by
VL (x) − kL =

A(θ, λL , λF )xθ
− kL .
r − δ(θ)

Consequently, we have been able to establish the following.
Theorem 4.4. Assume that r > δ(θ). Then, the optimal investment date is τ ∗ = inf{t ≥ 0 :
X(t) ≥ x∗ (λL , λF )}, where
x∗ (λL , λF ) =

1/θ
1/θ 

rkL
θ
1−
η2
A(θ, λL , λF )

denotes the optimal investment threshold and
μ
1
η2 = − 2 −
2 σ



μ
1
−
2 σ2
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denotes the negative root of the characteristic equation σ 2 b(b − 1)/2 + μb − r = 0 of the ordinary
(Cauchy-Euler) diﬀerential equation σ 2 x2 u (x)/2+μxu (x)−ru(x) = 0. The value of the optimal
policy reads as


A(θ, λL , λF )y θ
JL (x) = xη1 sup y −η1
− kL
r − δ(θ)
y≥x

VL (x) − kL
x ≥ x∗ (λL , λF )
,
=
−η1
η1 ∗
∗
x x (λL , λF ) (VL (x (λL , λF )) − kL ) x < x∗ (λL , λF )
where
η1 =

μ
1
−
+
2 σ2



μ
1
−
2 σ2

2
+

2r
>0
σ2

denotes the positive root of the characteristic equation stated above.
Proof. The alleged result follows from Theorem 4.2.
From Theorem 4.4 we can immediately infer that ∂x∗ (λL , λF )/∂λL < 0 from which we can
conclude that an increase in the intensity λL will decrease the optimal investment threshold
and thereby speed up the adoption of the intermediate technology. Analogously, we ﬁnd that
∂x∗ (λL , λF )/∂λF > 0, which means that an improvement in the follower’s ability to exploit the
upgraded technology will raise the leader’s threshold for investing into the intermediate technology. Thus, an improvement in the follower’s ability to transform the intermediate technology
into an improved technology will slow down the leader’s adoption of the intermediate technology.
We summarize these properties in
Corollary 4.5. The threshold of adopting the intermediate technology depends negatively (positively) on the leader’s (follower’s) upgrading intensity.
In light of Theorem 4.2 and Corollary 4.5 we can conclude that the incentives of adopting
an intermediate technology is highly related to the upgrading intensities of the leader and the
follower, respectively. In fact, we can make the interpretation of the relationship ν = λ F /λL as a
measure of the technological spillover from L to F created by L’s investment into the intermediate
technology. In particular, ν = 0 captures the case of complete intellectual property protection
such that L would be able to maintain exclusivity with respect to applications of the innovation
incorporated in the intermediate technology. At the other end of the spectrum ν = 1 serves as a
representation of complete spillovers as exempliﬁed by open-source access to particular software
technologies.
In light of Corollary 4.5 it is interesting to investigate iso-incentive curves deﬁned by x ∗ (λL , λF ) =
K, where K > 0 is an arbitrary constant. Such iso-incentive curves describe the set of updating
intensities (λL , λF ) which keep the adoption threshold constant. By substituting the deﬁnition
of the iso-incentive curve into the deﬁnition of the optimal adoption threshold x ∗ (λL , λF ) we ﬁnd
that
rkL (η2 − θ)
A(θ, λL , λF ) =
η2 K θ
has to hold along the iso-incentive curve. Consequently, we ﬁnd that the slope of the isoincentive curve x∗ (λL , λF ) = K is
Aλ (θ, λL , λF )
∂λL 
>0
=− F

∂λF x∗ (λL ,λF )=K
AλL (θ, λL , λF )
because of (4.9) and (4.10). In fact, by comparing (4.9) and (4.10) we can conclude that the
relative magnitudes of the partial derivatives AλF (θ, λL , λF ) and AλL (θ, λL , λF ) are essentially
U,0
U,U
− aI,U
related to those of the catch-up beneﬁt, aU,U
L , and the loss to be caught-up, aL − aL .
L
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Figure 2: Iso-incentive curves when θ = 1.5
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Figure 3: Iso-incentive curves when θ = 3.5
The form of the iso-incentive curves are illustrated in Figure 1 for moderately convex and in
Figure 2 for strongly convex cash ﬂows.
In his recent review of high-technology industries, Varian (2001) views versioning as a characteristic feature of these innovation intense industries. According to Varian business strategies
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based on versioning oﬀer a mechanism for intertemporal discrimination. Versioning can also be
viewed in light of the present model. Our analysis can be seen to have its focus on the following
question. How are the incentives of adopting an intermediate technology related to the strategic relationship prevailing between the updating capabilities of competing ﬁrms in the product
market? A high degree of exclusivity (in the sense of a low ν-ratio), which could be achieved,
for example, through an auctioning mechanism like in the UMTS-auctions, implies adoption
of a fairly premature intermediate technology characterized by a low upgrading intensity λ L .
Thus, by inducing early adoption of intermediate technologies a high degree of exclusivity would
promote versioning in the sense of prolonging the expected phase of intermediate technologies.
In light of this reasoning our model analytically captures the relationship between the degree
of exclusivity incorporated in future technology generations and the timing of adoption of intermediate technology versions. Such a relationship seems to have clear implications for policies
determining the intellectual property protection, like patent policy. Thus, our model could be
seen to oﬀer an analytical framework for how to evaluate patent policies in an intertemporal
context which emphasizes the dynamics of technological progress through successive generations
of improved technologies. In the present context we leave it for future studies to explore these
policy implications in greater detail.

5

Concluding comments

In this study we have applied a real options approach to analytically characterize the option
value of adopting an intermediate technology. We formally designed an asymmetric duopoly
model to delineate how the optimal adoption timing of an intermediate technology depends on
the embedded upgrading options available to the ﬁrm itself (the leader) and to its future rival (the
follower). Focusing on diﬀusions we developed explicit representations demonstrating that the
threshold of adopting an intermediate technology depends negatively (positively) on the leader’s
(follower’s) upgrading intensity.
We showed that an improvement in the quality of the leader’s updating option will increase the
value of the embedded option associated with the intermediate technology, whereas an increase
in the follower’s upgrading intensity was demonstrated to impact negatively. Furthermore, an
increase in the uncertainty of the ﬁrm-speciﬁc updating process was proved to increase the option
value of the intermediate technology, whereas the uncertainty incorporated in the follower’s
updating opportunity was shown to have a negative strategic impact on the option value of the
leader’s intermediate technology.
For the case of an underlying stochastic process following the geometric Brownian motion
we explicitly characterized how competition taking place with respect to future technology generations will impact on the timing of adopting an intermediate technology. This was carried
out in our analysis of the iso-incentive curves keeping the leader’s incentives of adopting the
intermediate technology invariant.
The present model can be used as a benchmark for important generalizations in several
dimensions. Firstly, throughout the analysis the upgrading intensities have been assumed to be
exogenous features of the model. Of course, in a more complete model of dynamic technology
competition these updating intensities should result from optimizing investment decisions at
each point in time. Such an extension would be particularly important for extensions focusing
on implications for technology policy or intellectual property protection. The restriction to
exogenous upgrading intensities might represent a much smaller loss of generality in contexts,
like ours, emphasizing merely ﬁrst approximations of the dynamics of technological progress
through successive generations of improved technologies.
Secondly, our model has admittedly represented an artiﬁcial short-cut as an analysis of strategic interaction insofar as it was restricted to a one-sided perspective. In this respect a complete
analysis should focus on timing equilibria of games of strategic adoption of intermediate technologies where symmetric duopolists would identical opportunities to adopt an intermediate
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technology. Such an approach would generate a theory of strategic compound options. In a
world where we still do not have an well-established theory of strategic options such an approach
would represent a highly ambitious research task.
Acknowledgements: The ﬁnancial support from the Foundation for the Promotion of the
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A

The joint probability densities

The assumed independence of the arrival dates of the upgraded technology implies that the joint
(unconditional) distribution of the arrival dates is of the form λL λ e−λL τL −λF τF . Consequently,
ordinary integration yields that the joint probability distributionsFof the dates τ and τ given
L
F
that the order of the outcomes are known are:


λL
PL (α; τ < τ ) = P[τ ≤ α; τ < τ ] =
1 − e−(λL +λF )α ,
λ + λF
L
F
L
L
F
L


λL
PL (α; τ > τ ) = P[τ ≤ α; τ > τ ] = 1 − e−λL α
1 − e−(λL +λF )α ,
λ + λF
−
L
F
L
L
F

λF L
Q(α; τ > τ ) = P[τ ≤ α; τ > τ ]
1 − e−(λL +λF )α ,
λ + λF
L
F
F
L
F
=
L
and


λF
Q(α; τ < τ ) = P[τ ≤ α; τ < τ ] = 1 − e−λF α
1 − e−(λL +λF )α .
λ + λF
−
L
F
F
L
F
L
The continuous diﬀerentiability of these distributions implies that the densities of these probability distributions can be expressed as
d
P[τ ≤ α; τ < τ ] = λL e−(λL +λF
dα )α , L
L
F
L
F


d
P[τL α ≤ α; τ > τ ] = λL e
1 − e−λF α ,
pL (α; τ > τ ) =
−λ
dα
L
L
F
L
F
d
P[τ ≤ α; τ > τ ] = λ e−(λL +λF
qL (α; τ > τ ) =
dα )α , F
L
F
F
pL (α; τ < τ ) =

and

L

F



d
P[τ ≤ α; τ < τ ] = λ e−λF 1 − e−λL α .
α
dα
F
L
F
F
L
F
Given these densities, it now involves nothing but ordinary integration to establish that for any
f
∈ L1 (R+ ), that is, for any cash ﬂow f (x) having
a ﬁnite expected cumulative present value,
we have that

Ex e−rτL f (Xτ ); τL < τF = λL (Rr+λL +λF f )(x),
L

Ex e−rτL f (Xτ ); τL > τF = λL (Rr+λL f )(x) − λL (Rr+λL +λF f )(x),
L

Ex e−rτF f (XτF ); τ < τF = λ (Rr+λF f )(x) − λ (Rr+λF +λL f )(x),
qL (α; τ < τ ) =

and

L

F

F


Ex e−rτF f (XτF ); τ > τF = λ (Rr+λL +λF f )(x).
L

B

F

Proof of Lemma 3.1

Proof. The continuous diﬀerentiability of the real option value VL (x) with respect to the intensities λ and λ follows directly from (3.3) and the continuous diﬀerentiability of the exponential
L
F positivity of ∂VL /∂λ follows directly from the positivity of the mappings Δ(x)
function.
The−
)
U,U
)
L
πsI,U (x and the negativity
of the impact of increased intensity on the discount
and πL (x
− L +λF )s . −In order to−prove the negativity−of ∂VL /∂λ we ﬁrst obfactors e−(r+λL ) L and e−(r+λ
)
)
<
)
)
U,0 )
F all x ∈ R+ .
(x
π I,0 (x
(π U,U (x
π I,U (x)) π U,0 (x
π U,U (x for
serve that Δ(x) = πL
L
L
L
L
L
Consequently, we ﬁnd that
e−(r+λL +λF )s sΔ(X(s)) ≤ e−(r+λL )s sΔ(X(s)) ≤ e−(r+λL )s s(π U,0 − π U,U )(X(s))
L

completing the proof of our lemma.
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C

Proof of Theorem 4.1

Proof. As is shown in [5] (p. 200) the increasing sequence

Jn (x) = sup Ex e−rt Jn−1 (X(t)) , J0 (x) = VL (x) − kL
t≥0

converges to the value function JL (x). Similarly, the increasing sequence


Jˆn (x) = sup Ex e−rt Jˆn−1 (X(t)) , Jˆ0 (x) = V̂L (x) − kL
t≥0

converges to the value function JˆL (x). As was shown in Lemma 3.1 we have that V̂L (x) − kL ≥
VL (x) − kL implying that JˆL (x) ≥ Jˆn (x) ≥ Jn (x) from which the inequality JˆL (x) ≥ JL (x)
follows by monotone convergence. The proof of the second claim is analogous.

D

Proof of Theorem 4.2

Proof. Denote as JL∗ (x) the value of the proposed stopping strategy. It is now clear that since
the proposed stopping time τ ∗ is admissible and


∗
JL∗ (x) = Ex e−rτ (x ) (VL (X(τ (x∗ ))) − kL )
we have that JL∗ (x) ≤ JL (x). To prove the opposite inequality, we ﬁrst observe that JL∗
∗
∈ C 1 (R+ ) ∩ C 2 (R
\{x
+ }), that
lim JL∗  (x) = H(x∗ )ψ  (x∗ ) < ∞

x↑x∗

lim JL∗  (x) = VL (x∗ ) < ∞,

x↓x∗

that JL∗ (x) ≥ (VL (x) − kL )+ for all x ∈ R+ , and that (AJL∗ )(x) ≤ rJL∗ for all x R+ \{x∗ }. Thus,
∈ of the exercise payoﬀ VL (x) − kL . However, since JL (x)
JL∗ (x) constitutes a r-excessive majorant
is the least of these majorants, we ﬁnd that JL∗ (x) ≥ JL (x), thus proving that JL∗ (x) = JL (x).
The validity of the variational inequality (4.3) follows directly from the deﬁnition (4.2) of the
value function.

E

Proof of Corollary 4.3

Proof. Since

V  (x)ψ(x) − VL (x)ψ  (x)
∂H
(x, λL , λF ) = L
,
∂x
ψ 2 (x)

we ﬁnd that
∂2H
(x, λL , λF ) =
∂x∂λL
and
∂2H
(x, λL , λF ) =
∂x∂λF

∂VL
∂λL (x)ψ(x)

−

∂VL
∂λF (x)ψ(x)

−

∂VL

∂λL (x)ψ (x)

ψ 2 (x)

∂VL

∂λF (x)ψ (x)

ψ 2 (x)

.

On the other hand, implicit diﬀerentiation of the optimality condition VL (x∗ )ψ(x∗ ) = (VL (x∗ ) −
kL )ψ  (x∗ ) yields that
[VL (x∗ )ψ(x∗ ) − (VL (x∗ ) − kL )ψ  (x∗ )]

∂x∗
∂VL ∗
∂V 
= ψ  (x∗ )
(x ) − ψ(x∗ ) L (x∗ )
∂λL
∂λL
∂λL
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and that
[VL (x∗ )ψ(x∗ ) − (VL (x∗ ) − kL )ψ  (x∗ )]

∂x∗
∂VL ∗
∂V 
= ψ  (x∗ )
(x ) − ψ(x∗ ) L (x∗ ).
∂λF
∂λF
∂λF

The optimality of the threshold x∗ implies that VL (x∗ )ψ(x∗ ) < (VL (x∗ )−kL )ψ  (x∗ ). Combining
this expression with our assumptions completes the proof of the alleged results.
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Abstract
The application of option theory to problems in information technology and especially to e-business
has been the subject of some research in the last years. The theoretical advantage of option pricing
models – namely to derive different options and assess them by basing well-founded mathematical
models – at the same time reflects its practical disadvantage. As a consequence, the goal of this research paper is to provide a useful best practice. It focuses on systemizing the process of deriving
and structuring feasible options as well as on facilitating the election of the option model and the estimation of the input variables by providing an analysis template. Structure and content of this template will be introduced in this paper as well as a demonstration of its practical feasibility will be
given.

Motivation
The application of option theory to problems in information technology and especially to e-business
has been the subject of some research in the last years. Prior research (Benaroch 2000) especially
targeted the demonstration of the power of real options through applying fundamental option pricing
models, such as the Black-Scholes or the binomial models, on real world cases. As a result, option
theory offers high potential for useful insights regarding the evaluation of irreversible investments
under uncertainty and requiring flexibility.
The theoretical advantage of option pricing models – namely to derive different options and assess
them by basing well-founded mathematical models – at the same time reflects its practical
disadvantage. Especially mathematical complexity and lack of practical experience are major
problems. In order to establish option pricing models in practice, the user needs adequate tools not
1
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only for calculating concrete numbers, but also for structuring the investment problem into feasible
options and for deriving the corresponding input variables.
As a consequence, the goal of this research paper is to provide a useful best practice. It focuses on
systemizing the process of deriving and structuring feasible options as well as on facilitating the
election of the option model and the estimation of the input variables. An essential means is an
analysis template, which significantly supports this process through specific questioning and serves as
a management instrument for applying option pricing in practice. For demonstrating its feasibility the
analysis template is applied to a real world case.
Structure and content of this template will be introduced in this paper. The structure is oriented
towards a three-tier evaluation process, namely identification, assessment and active management of
the option portfolio. Therefore, the template mainly consists of three modules each corresponding to
a tier in the evaluation process; module 1 and 2 will be introduced in the scope of this paper. The
first module serves as a systematical derivation of the option; existing option alternatives will be
visualized graphically for making the discussion of further option alternatives feasible. By defining
essential premises the establishment of the optimal option pricing model is enabled. High vividness
resulting in less calculation exactness, which does not exhaust the flexibility completely, or an exact
reflection of the reality in the model are questions to be clarified. After specifying the model the
actual parameter estimation starts; this is rendered by a systematical approach given in the second
module.
This research paper makes three important contributions in this context: (1) it systemizes the
application of real option models by providing a best practice, (2) it allows the application of option
theory by giving practitioners an analysis template at hand and (3) it presents the first application of
the analysis template that uses a real world case.

General Aspects of the Analysis Template
Real Option Valuation Cycle
Ideally a real option pricing (ROP) method is an integrative element of a three-tier management
cycle oriented towards the shareholder value concept. The three tiers comprehend “identification”,
“assessment” and “active management of the option portfolios” (see fig. 1).
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Figure 1
Fig. 1: RO valuation cycle.

Identification, i.e. structuring the problem adequately and determining the different option alternatives
of the investment is a very demanding task and very often more problematic than assessing the
different options. Thus, this research work focuses on both the identification and the assessment
part. The goal is to systemize the process of deriving and structuring feasible options as well as on
facilitating the election of the option model and the estimation of the input parameters. An analysis
template supporting the management to identify the option alternatives as well as to estimate the
input variables systematically will be an essential means for the ROP’s practicability. Due to
complexity reasons for enabling a first application of option pricing the analysis template focuses on
“identification” as well as “assessment”; future research work will concentrate on extending the
analysis template regarding “active management of the option portfolios”.

Goal and Structure of the Analysis Template
The analysis template, which is oriented to a specific need, i. e. to find out and obtain the relevant
information/data to process a real option valuation, is designed as a questionnaire. On behalf of the
complexity of ROP it is intended not to let the respondents work alone with the analysis template,
but to apply the template in guided interviews or workshops in order to ideally support an RO
valuation.
A high-qualitative questionnaire (Saldern 1998; Kirchhoff 2001; Konrad 2001) has to (a) be
oriented towards the respondent and his/her needs, (b) be oriented towards the goal of valuation,
(c) consist of clear instructions on how to proceed, and (d) ease the evaluation of answers.
Additionally, (a) questions to unknown problems/facts have to be explained by a pre-example, (b)
the context has to be explained, (c) every answer alternative has to be understandable or the option
of not answering has to be provided, (d) questions have to be oriented to the knowledge and
experience of the respondent and (e) the questionnaire has to consist of acceptable questions.
Besides the content the layout is very important; different topic sections have to be indicated.
Furthermore, the questionnaire has to start with an introduction consisting of instructions and the goal
of the valuation examination.
Providing an analysis template in order to ideally support an RO valuation means that the template
has to be tested to find out where the pitfalls are and if the questionnaire is applicable. However,
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although follow-up research will be necessary to test the questionnaire intensively, in the scope of
this paper a pre-test is proceeded by applying the template to the case of Yahoo PayDirect.
The analysis template has to be seen as a guide for the difficult valuation process; the outcome will
be a valuation of the investment project’s managerial flexibilities, and therefore, a realistic, non-static
value of the investment project. Furthermore, the respondent will gain a better understanding of and
a better estimation about the value of the managerial flexibilities. The complete questionnaire is
divided into the three modules “identification”, “assessment” and “active management” each
consisting of multiple sub-modules. The respondent can process one module, and then he/she will
receive a certain outcome from it. Afterwards, he/she can decide if he/she wants to continue with the
next module.
Basic instruction elements are used to systemize the questionnaire and to facilitate its usage. Usually,
instructions precede each section. Whereas the text field with two types of grey color
necessary information, the text field with the bright middle color effects

indicates

indicates information

that the respondent has to fill out. A line indicates a write-in value or information.

Module 1: Identification
Justification of ROP Application
On behalf of the characteristics of e-business projects and their corresponding investments, verifying
whether the application of ROP is justified is more than less a formal check. E-business projects and
related investments are always characterized by high uncertainty, irreversibility and great demand of
flexibility. Nevertheless, analyzing the kind and structure of the planned project helps to classify the
project’s subject with regard to risk and uncertainty. An appropriate classification of e-business
projects requires a systematic scheme to place the planned application. A common classification is
the categorization between companies based on an existing business model and those developing a
new business model (Amram 2000). Refining this approach by identifying the main uncertainty
drivers (Mehler-Bicher 2002)
•

“product/service”,

•

“business model”,

•

“market”,
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•

“technology”,

•

“enterprise/brand”

as well as distinguishing between new or existing ones allows to develop a profile for categorizing ebusiness applications (see fig. 2).
In the analysis template justifying the ROP application takes place by briefly describing the project
and specifying the project profile (see fig. 2). By analyzing these five dimensions and specifying the
planned project profile by connecting the five extensions, the degree of uncertainty and risk can be
determined qualitatively. One principle conclusion can be drawn: The bigger the hatched area in the
profile, the more the increase in risk and uncertainty and the more difficult fluctuations are to predict.
Figure 2
Fig. 2: Justification of ROP application.

Option Derivation
Assessing and managing options firstly requires their identification and derivation. Although it is
rational not to analyze all options possible of a certain investment, a statement about the probable
value of an option cannot be determined in all cases in advance. In contrast to financial options,
another difficulty is that a precise specification of real options, which are usually clustered and
mutually effecting, often cannot take place. Thus, an adequate structuring of the problem often is of
greater importance than an exact and detailed calculation.
In practice, first off the base case scenario DCF model usually has to be stated. Secondly, based on
this model feasible options with a significant effect on the project value have to be derived. Despite
the variety of thinkable options, different option types can be classified (Trigeorgis 1998; Amram
1999; Hommel 1999a; Copeland 2000). The knowledge of the limited number of option types
having a significant effect on the project value is an essential means for identifying and defining
relevant options. In concrete situations the option types will be designed or instantiated differently. In
most cases compound options representing the inter- or intra-project interaction occur and require
the explicit consideration of the correlation among the different option parts.
By analyzing the initial situation in order to specify the base case scenario DCF model (see fig. 3)
and to derive feasible options a concentration on the two or three most probable options is a promising strategy. On one hand the analysis effort is limited, on the other hand follow-up calculations will
be characterized by high informative value. As a consequence, for practical purposes supporting the
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derivation of the two to three most feasible as well as probable options is intended by the analysis
template.
Figure 3
Fig. 3: Derivation of base case scenario.

Due to specific option elements depending on the option type, a separate questionnaire sheet has
been developed for each option. After having identified the option type a five step process has to be
initiated for each option. Firstly the option has to be described. Secondly a strategic analysis of the
option takes place; exclusiveness of ownership, project interaction and urgency of decision have to
be specified. Thirdly, the relation between the option and the base case scenario has to be visualized
by developing an option tree (see fig. 4 exemplary for Option to Wait).
Figure 4
Fig. 4: Option Derivation: Option to Wait (part 1).

Fourthly, the option needs have to be characterized. The degree of involved uncertainty and market
loss potential as well as the potential of increase in information and risk reduction by applying a
specific option are essential aspects. After having determined the lifetime of the option the overall
importance of the specific option has to be graded qualitatively. Finally, specific option type
elements have to be specified (see fig. 5 exemplary for Option to Wait).
Figure 5
Fig. 5: Option Derivation: Option to Wait (part 2).

Model Election
Not only a large number of investment approaches, but also a huge variety of option pricing models,
which can be roughly distinguished in analytical and numerical procedures, exists. In e-business the
analytical model deployed by SCHWARTZ and ZOZAYA -GOROSTIZA (Schwartz 2000) and the numerical capability-based approach by KULATILAKA (KULATILAKA 1996) are the two most
elaborated ROP methods. Although specific models exist, due to complexity their applicability is not
unproblematic.
The results established by the application of option pricing and their appropriateness as well as
exactness mainly depend on the specific approach. High vividness resulting in less calculation
exactness, which does not exhaust the flexibility completely, or an exact reality’s reflection of the
model are questions to be clarified. A comparison of the three mostly used models – binomial
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model, log-transformed binomial model and Black-Scholes – demonstrates the advantages of the
binomial model. Besides its clear and simple structure as well as its vividness the binomial model is
convincing due to its high variability and flexibility related to the structure of the input parameters. An
application is feasible for discrete as well as continuous input parameters or simple as well as
compound options.
In certain situations, i. e. situations where a statement about the structure of the input variables is
difficult to establish, the strategy to specify the option model after having estimated the parameters is
advantageous. Due to the paper’s scope the model election part is restricted to the binomial model,
the log-transformed binomial procedure and the BLACK-SCHOLES formula (see fig. 6). The
comparison given in MEHLER-BICHER (Mehler-Bicher 2001) allows the determination of a feasible
option model; future research work will focus on extending this part by considering further option
models.
Figure 6
Fig. 6: Model election.

Module 2: Assessment
Parameter Estimation
The input variables required for assessing an option are (a) underlying (V), (b) exercise price (X), (c)
time to maturity (t), (d) risk-free interest rate (rf), (e) dividends (δ ) and (f) volatility (s ). Besides the
construction of the underlying the estimation of the volatility is the most elaborative task, especially
because slightly changing the volatility leads to significant differences in the resulting option pricing
calculation.
For estimating the input variables, first off the analysis template focuses on deriving the values of
underlying, exercise price, time to maturity and risk-free interest rate (see fig. 7).
Figure 7
Fig. 7: Parameter estimation (part 1).

Then the questionnaire concentrates on the estimation of dividends and volatility (see fig. 8).
Figure 8
Fig. 8: Parameter estimation (part 2).
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Calculation
Using specialized software packages simplifies and reduces the calculation effort; especially a
graphical visualization of different options supports the managerial decision process. Since
supporting this task by an analysis template requires a means for selecting an appropriate software
tool and an adaptation to fast-changing circumstances, this module is not presented within this paper.

Exemplary Application of the Analysis Template
Case Introduction
Yahoo, Inc., is a global Internet company offering a comprehensive branded network of services
worldwide. Brought to life in 1994, Yahoo became one of the first online navigational guides to the
World Wide Web. Today, with nearly 90 million unique visitors each month Yahoo is a leading web
portal in terms of traffic, advertising, and household reach. Starting out as a search engine and link
directory Yahoo has since added a host of additional features to its web services. Advancing its
"Yahoo Everywhere!" strategy, the company has extended its reach by providing content and
services for wireless and handheld devices. In February, 2000, in a move intended to sharpen its ecommerce profile, Yahoo acquired Arthas.com, a provider of online person-to-person (P2P)
payment services. Despite the obvious advantages of online P2P payment systems, previous virtual
currency services have failed to gain acceptance among consumers. In November 1999 PayPal
launched its service for Palm devices and email and was quickly followed by a number of
competitors. When Yahoo acquired Arthas.com, dotBank was one of three online P2P payment
systems, that had been already been launched. At that time, 16,000 individuals were already using
PayPal, dotBank posted about 8,000 users.
Figure 9
Fig. 9: Concept of Yahoo PayDirect (Source: Yahoo Inc.)

After the acquisition, Yahoo decided to take dotBank offline until the service could be properly
integrated into the Yahoo family of services. The system was scheduled for re-launch under its new
name Yahoo PayDirect (see fig. 9) in May 2000. However, the integration process took until July
31, when PayDirect was officially launched. In the meantime, PayPal had already signed up to 2.7
million users and was adding new customers at a rate of 20,000 per day. By December 2000,
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PayPal had surpassed the 5 million user mark and was clearly evolving as the winning P2P payment
service in the US. By September 2000, it had become obvious to Yahoo management that they
would not be able to stop PayPal on its way to dominate P2P solutions in the US. As a
consequence, issues in the international roll-out of the service had to be discussed. Since timing was
critical and not all countries were equally attractive for P2P payment solutions, Yahoo decided to
launch PayDirect in the UK.

Case Evaluation
An exemplary a-posteriori application of the analysis template to the case of Yahoo PayDirect
serves for demonstrating its feasibility. On behalf of the restricted scope of this paper and the
sensitivity of the data, only selected parts focusing on module 1 will be presented.

Justification of ROP Application
The three constituting elements of option pricing models – uncertainty, irreversibility and flexibility –
are certainly fulfilled. A lot of parameters influencing the project’s value cannot be precisely
projected; in addition it is not possible for Yahoo to recoup any of its costs for business and
technical development effort or legal expenses. Yahoo’s management requires a very high degree of
flexibility including e. g. the option to limit losses by simply abandoning the product or by stopping
advertising activities.
Analyzing Yahoo PayDirect and specifying its profile – new service, new business model, new
market, existing technology, existing enterprise/brand – leads to the result that Yahoo PayDirect is a
highly risky and uncertain application (see fig. 10).
Figure 10
Fig. 10: Specifying the profile of Yahoo PayDirect.

Option Derivation
The first step to derive feasible options is to state the base case scenario without any optionality (see
fig. 11).
Figure 11
Fig. 11: Base case scenario for Yahoo PayDirect.
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Yahoo possessed a rather high degree of management flexibility in their decision to launch PayDirect
in the UK. In order to analyze the size of the opportunity and to come to a conclusion about the
decision to launch, they discussed feasible alternatives. Since the competitors would take at least 6
months to concur the UK market, postponing the launch would allow Yahoo to get a better feeling
about the market, its potential and the competitors. Should they decide to launch right now and
things go bad, Yahoo still has the option to abandon the product altogether at any point in time,
defaulting on planned future marketing spending. In contrast, if Yahoo is able to establish a sizable
user base in UK quickly enough, highly profitable extensions of the original product could be
introduced in the future. The most important follow-on service would involve cross-border foreign
exchange (FX) payments or another interesting growth option would involve wireless devices and
mobile commerce.
A detailed analysis of Yahoo PayDirect shows that three significant options exist. Alongside a wait
option (Option A see fig. 12)
Figure 12
Fig. 12: Option A for Yahoo PayDirect.

two alternatives have to be considered:
•

Option B:
After launch re-evaluate the project every half year and freeze marketing spending if the
project doesn’t take off.

•

Option C:
After launch wait two years and then start possible service expansions only if the economics
support their launch.

Combining the three options leads to the following option tree (see fig. 13).
Figure 13
Fig. 13: Option tree for Yahoo PayDirect.

Model Election
Focusing on option A allows to apply all three option pricing models (see fig. 14). However, option
B and C require the application of the binomial model or a log-transformed binomial procedure. For
simplification reasons it is assumed that volatility, exercise price and risk-free interest rate are
constant and determinable. In addition, the assumptions are made that dividends happen in discrete
payments and price evolution process follows a geometric Brownian process.
10
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Figure 14
Fig. 14: Model election for Yahoo PayDirect.

Conclusion and Outlook
Due to complexity the practical application of ROP procedures requires appropriate tools. The
analysis template presented serving as a best practice focuses on supporting the identification part as
well as the assessment part and thus represents a valuable means for identifying most relevant
aspects for correctly applying option pricing models. In addition, the mostly very time-consuming
process of ROP application can be significantly shortened. Especially the exemplary application of
the analysis template has shown significant support.
On top of gaining more detailed questionnaire modules future research work will focus on the
extension of the model election; the restriction to selected models has to be skipped and the module
has to be generalized. Another research aspect will be considered in module 3: active management
of the option portfolio. For gaining additional significant insights applying this analysis template to
multiple case studies will be the next major task.
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Capital Expenditures and Labor Demand under Uncertainty

Abstract

This paper analyzes the effect of uncertainty on capital expenditures and labor demand
based on Finnish panel data during the time period 1987 – 2000. The paper contributes
to existing empirical research regarding firm behavior under uncertainty, by extending
the firm’s investment problem to a dual-factor framework, including both capital and
labor. Utilizing a stock return based measure of uncertainty decomposed into systematic
and idiosyncratic components, and employing a Generalized Method of Moments
(GMM) estimation procedure, the results reveal that idiosyncratic uncertainty
significantly reduces capital expenditures. However, it seems as if this effect is driven
by the latter part of the investigation period (1994 – 2000). The results fail to find any
significant relationship between capital expenditures and the effects of total and
systematic uncertainty. In the case of labor demand, I find a modest negative effect of
total uncertainty on labor demand. Systematic and idiosyncratic uncertainty does not
affect the desired employment level of the firm.
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I. Introduction
Firms operating in dynamic economic environments are exposed to uncertainty
regarding the evolution of the underlying state variables. The relationship between
investment and uncertainty is far from resolved in the economic literature. Leahy and
Whited (1996) classify theories of investment under uncertainty along two dimensions.
The first dimension is manifested by models that examine the firm in isolation,
emphasizing the uncertainty of some distinct state variable in the firm’s environment,
and secondly, of models analyzing the firm in a market context. In the case of isolation,
uncertainty, per se, matters for investment behavior. When the firm is analyzed in a
market context, uncertainty matters only through the channel of covariance in the
returns between investment projects.1 Along the other dimension we find models that
analyze investment behavior contingent on the functional form of the marginal revenue
product of capital. This category consists of models predicting that the marginal revenue
product of capital is convex in some random variable, and models that predict that the
relationship is concave. In the former case, increased uncertainty would be associated
with increased investment activity, whereas a concave form would imply a depressing
effect on investment activity.

In the models of Hartman (1972) and Abel (1983), the marginal revenue product
of capital is a convex function of shocks facing the firm. Thus, increased uncertainty is
associated with an increase in the marginal unit of capital, which increases the firm’s
incentive to invest.2 Models predicting a concave relationship of the marginal revenue
product of capital are generally referred to as models of irreversible investment
(McDonald and Siegel (1986), Pindyck (1988), Dixit and Pindyck (1994). The
irreversible investment framework relies on the assumption that firms hold investment
(call) options on the expected returns generated by investment projects. Thus, returns to
investment are asymmetric, due to the fact that the firm has an option to wait for
uncertainty to be resolved before the option to invest is exercised, or not. The
implication of these models is that increased uncertainty should be associated with
1

The effect of covariance is manifested, e.g., in the capital asset pricing model (CAPM). The effect on
increased uncertainty (risk), measured as the covariance of the returns of an investment project with respect
to market returns, would according to the CAPM-framework reduce the incentive to invest, due to an
increase in the required rate of return on the investment.
2
In general, a convex form of the marginal revenue product of capital is a result of Jensen’s inequality,
which implies that a mean preserving spread in the distribution of a shock facing the firm will increase the
expected return on investment.

2

209

Proceedings of the International Real Option Workshop 2002, Turku, Finland

decreased investment activity. Later work by Abel, Dixit, Eberly, and Pindyck (1996),
have generalized the basic model of irreversible investment by including the effect of
divestment (put) options. In the generalized case, the comparative static effect of
uncertainty on investment becomes ambiguous, and depends on the interactions of the
firm’s call and put options.3

Economic theory defines the firm’s production as a function of capital and labor,
Y = f (K , L ) .

The above-presented models, however, focus on investment in capital and

make the assumption that labor is flexible. In the models of Hartman (1972) and Abel
(1983) it is exactly the flexibility of labor relative to capital that produces a convex
shape of the marginal revenue product of capital. Characterizing capital as quasi fixed,
in the sense that it must be chosen before uncertainty is resolved, and treating labor as
flexible may not be an ideal assumption. Many issues affect the employment decisions
of the firm in the short-term, such as adjustment costs related to hiring and firing, firm
specific investment in labor, labor unions and labor intensity, which are related to the
elasticity of labor costs (Oi 1962). Hartman (1976) empasizes the importance of the
assumptions regarding the nature of flexibility of factor inputs. For instance, assuming
that the firm is forced to choose both of its inputs (capital and labor) before uncertainty
is resolved will in fact reduce the demand for both factors. Hence, depending on the
chosen assumptions a wide range of theoretically supportable outcomes are possible,
and it is, a priori, difficult to make predictions about the relationship between
uncertainty and the demand for the firm’s input factors. Thus, the current paper
contributes to existing empirical research regarding firm behavior under uncertainty, by
extending the firm’s investment problem to a dual-factor framework, including both
capital and labor.

Empirical evidence regarding capital expenditures has been documented by Leahy
and Whited (1996), who examined the investment – uncertainty relationship for a panel
of U.S. firms. Utilizing a measure of uncertainty based on stock returns, the results
revealed that an increase in uncertainty decreases firm investment, primarily through its
effect on Tobin’s Q. Furthermore, the results revealed that a CAPM-based risk measure

3

However, a number of recent empirical surveys have argued in favor of the basic model of irreversible
investment, and hence, emphasizing the role of the firm’s call options compared to the associated put
options, due to factors such as capital specificity and “lemons problems” (Akerlof 1970).
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did not show any significance with respect to firm investment. Bo and Sterken (2000)
conducted a survey based on a sample of Dutch firms. The employed methodology
involved specification of the threshold value of profits that theoretically should trigger
firm investment. The results revealed that firms on average were concerned with the
option values of investment opportunities in making investment decisions, i.e., they tend
to wait until actual profits reaches its threshold level. Henley, Carruth, and Dickerson
(2000) conducted a survey for a panel of UK firms, where uncertainty was specified
both as a sectoral risk measure and as an idiosyncratic risk measure. Sectoral uncertainty
was found to significantly depress firm investment, whereas idiosyncratic uncertainty
was found to increase investment. In addition, the results revealed that the effect of
uncertainty was larger in absolute magnitude for diversified firms compared to focused
firms. Bloom, Bond, and Van Reenen (2001) examined the investment behavior of a
sample of UK firms. Following Leahy and Whited (1996), uncertainty was measured
using the standard deviation of stock returns. The main prediction was supported by the
data, as the results revealed that the response of investment to demand increases was
lower when uncertainty was high. Finally, Bulan (2001) examined the relationship
between firm investment and uncertainty for a panel of U.S. firms. In line with previous
empirical work, uncertainty was measured as the volatility of the firm’s stock returns. In
addition, total uncertainty was decomposed into systematic, industry, and idiosyncratic
components. The results revealed that uncertainty significantly reduces firm investment.
Furthermore, the survey included an examination of the hypotheses that market
competition erodes the option value of waiting, and that size affects the investment –
uncertainty relationship.4 The results supported both hypotheses by revealing that more
competitive firms were less responsive to industry uncertainty compared to less
competitive firms, and that large firms exhibited greater sensitivity to uncertainty
compared to small firms.

Labor policy surveys have specified the determinants of labor demand as
consisting of factor prices, demand shocks, and lagged employment (Nickell (1984),
Bentolila and Saint-Paul (1992), Konings and Roodhooft (1997), Addison and Teixeira
(2001)). This strand of research has not, however, rigorously analyzed the effect of
uncertainty on labor demand. The process of capital-labor substitution has been
4 Competition interactions have been examined in theoretical work by e.g. Grenadier (1999), who shows
that the value of the option to delay investment is decreasing in the level of market competition.
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examined in empirical work by Ghosal (1991) and Green, Lensink, and Murinde (2001).
For a sample of 125 U.S. manufacturing industries, Ghosal (1991) found a significant
negative relationship between demand uncertainty and the capital to labor ratio. On the
contrary, Green et al. (2001) found for a sample of Polish firms a significant positive
relationship between demand uncertainty and the capital to labor ratio.

The purpose of the current paper is to provide empirical evidence regarding the
effect of uncertainty on firm investment behavior utilizing Finnish panel data covering
the time period 1987 – 2000. The empirical results reveal a significant negative effect of
idiosyncratic uncertainty on capital expenditures. Furthermore, the results reveal a
structural shift in this effect between the sub-periods 1987 – 1993 and 1994 – 2000.
Regarding firm labor policy, I find a modest negative relationship between uncertainty
and labor demand.

The remainder of the paper is organized as follows. Section II presents the
empirical specifications of the paper, section III presents the estimation results, and
finally, section IV provides a summary and conclusions.

II. Empirical Specifications
A. Measuring Uncertainty
As the task of the paper is to examine the impact of uncertainty on firm behavior,
it is evident that the measurement of uncertainty plays a crucial role in the empirical
analysis. In line with existing empirical work, this paper will utilize the volatility of the
firm’s stock returns as a proxy variable for uncertainty. Bulan (2001) argues that the
advantage of this measure is the fact that it captures the total uncertainty relevant to the
firm in a single variable.5 Furthermore, Bloom et al. (2001) argue that the use of a stock
return based measure of uncertainty provides a forward looking proxy for the
uncertainty of the firm’s environment, implicitly weighted in accordance with the
impact of these variables on profits. An important aspect to consider is the effect of
leverage on stock return volatility. Leahy and Whited (1996) argue that, ceteris paribus,
the volatility of the firm’s stock returns will increase with the financial leverage of the

5 More specifically, Bulan (2001) argues that all sources of uncertainty in the firm’s environment such as
output price, costs, as well as macro-variables are reflected in the volatility of the firm’s stock returns.
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firm. Hence, this paper will employ a volatility measure adjusted by the firm’s financial
leverage.6

According to models of irreversible investment, the relevant source of uncertainty
for the firm is the total uncertainty reflecting the future evolution of the underlying state
variables. On the other hand, CAPM-based models imply that only systematic sources of
risk should be relevant for firms’ capital investment decisions. Thus, in this setting it
seems appropriate to decompose the total uncertainty of the firm, i.e., the volatility of
the stock returns, into systematic and idiosyncratic components. Following Bulan
(2001), I decompose the total uncertainty of the firm into systematic and idiosyncratic
components by estimating the following single index-model of returns for firm i in year
t:
rit = a it + bit rmt + e it

,

(1)

where rit denotes the return of firm i on day t, and where rmt has the same interpretation
for the return on the market index.7 The estimated parameter b corresponds to the
CAPM- b , and thus, in order to specify the relevant systematic risk measure for the firm
I multiply the estimated b coefficients with the annualized volatility of market returns.
As was the case for the estimated volatility of the firm, the estimated CAPMb

coefficients will be affected by financial leverage. Thus, in order to control for

financial leverage, I multiply the estimated b coefficients by the market equity ratio of
the firm. Furthermore, the single-index model in equation (1) implies that all
idiosyncratic components of uncertainty will be captured by the error term e it . Thus, an
annual measure of idiosyncratic uncertainty can be specified as follows:

6 The effect of financial leverage is controlled for by adjusting the estimated uncertainty measures with the
market equity ratio of the firm. This procedure relies on the assumption that the firm’s debt is risk-free,
which obviously is not a flawless assumption. However, in the absence of superior alternatives, the
procedure seems motivated.
7 The market index employed in this setting corresponds to the Helsinki Stock Exchange (HEX) Portfolio
total return index. This index is a value-weighted index where all companies traded on the main list of HEX
are represented. However, the weight of any individual company is limited to 10%, thus eliminating the
dominance of a few extremely large firms traded on HEX (e.g. Nokia). This index is, however, only
available for the time period 1991 – 2000. The market index employed during the years 1987 – 1990
corresponds to the WI-index calculated at the Swedish School of Economics and Business Administration.
Knif (1988) argues that the WI-index describes the Finnish market portfolio and is well suited for the
estimation of beta coefficients.
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n

s eit =

åe

2
it

,

(2)

t =1

which implies that the annual measure of idiosyncratic uncertainty corresponds to the
square root of the sum of squared residuals for firm i in year t, when the returns have
been filtered through the single-index model in equation (1). The aforementioned
procedures result in the following proxy variables for uncertainty: s it , which is the
unlevered measure of total uncertainty, bits mt , which corresponds to the unlevered
measure of systematic uncertainty, and s eit , which represents a measure of idiosyncratic
uncertainty.

B. Methodology and Empirical Models
The problem at hand calls for estimating the effect of uncertainty on firm-level
capital expenditures and labor demand, where realized values of volatility are used as
proxy variables for expected uncertainty. The chosen research design exhibits
characteristics of endogeneity, which implies that the employed regressors are correlated
with the error term. In this case, it seems motivated to employ a Generalized Method of
Moments (GMM) estimation procedure, which eliminates the problem caused by
endogenous regressors. Furthermore, the empirical phenomena under investigation can
be regarded as dynamic in nature, which implies that the inclusion of lagged dependent
variables in the empirical specifications seems appropriate. Thus, the statistical model to
be utilized in the empirical examination can be specified as:

p

yit =

åa

k yi (t - k ) +

b ¢(L )xit + lt + hi + vit

,

(3)

k =1

t = q + 1,..., Ti ,
i = 1,..., N

.

Where hi and lt are individual and time specific effects, xit is a vector of explanatory
variables, b (L ) is a vector of associated polynomials in the lag operator and q is the
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maximum lag length in the model. The statistical model is the general specification of
the dynamic panel data estimators.8

The empirical estimation is initiated by constructing benchmark specifications for
capital expenditures and labor demand. I use a standard Q theory model of investment as
a benchmark to control for the firm’s investment opportunities. The Q theory relates the
rate of the firm’s investment (investment to capital ratio) to its marginal Q, i.e., the
present value of all future marginal returns to capital. Marginal Q is in practice
measured by Tobin’s Q (average Q), which will be utilized in the empirical
specification. Further variables that in previous studies have been found to successfully
explain firm investment are related to the firm’s output (e.g. Leahy and Whited (1996),
Henley et al. (2000), Bloom et al. (2001), Bulan (2001)). Thus, I will employ the firm’s
output to capital ratio as an additional control variable for the firm’s investment rate.
Finally, in order to control for dynamic adjustment, a lagged dependent variable is
incorporated in the empirical specification. Hence, the benchmark model explaining the
firm’s investment rate can be defined as follows:

éY ù
éI ù
éI ù
+ a 3Qi ,t -1 + lt + hi + n it .
+a2ê ú
ê K ú = a1 ê K ú
ë K ûi ,t -1
ë ûi ,t -1
ë û it

(4)

Specifications of the variables are presented in Appendix A. All macroeconomic events
specific to a given year are captured by lt , whereas all unobservable variables specific
to the individual firm are captured by the time-invariant component hi . The error term is
denoted by vit . The benchmark model of capital expenditures is extended by introducing
the proxy variables for uncertainty discussed above. The first specification includes the
unlevered measure of total uncertainty, s it . The second specification incorporates the
measures bits mt and s eit , i.e., the unlevered measure of systematic uncertainty and
idiosyncratic uncertainty.

The benchmark model for labor demand is constructed on the basis of previous
empirical work examining labor dynamics (Nickell (1984), Bentolila and Saint-Paul

8

See Arellano and Bond (1991), Arellano and Bover (1995), and Blundell and Bond (1998) for a review of
dynamic panel data estimators.
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(1992), Konings and Roodhooft (1997), Addison and Teixeira (2001)). These types of
models explain labor demand on the basis of factor prices, demand shocks, and lagged
employment. The benchmark model of labor demand utilized in the current paper is
specified as follows:

éW ù
éW ù
Lit = a1Li ,t -1 + a 2 ê ú + a 3 ê ú
+ a 4 K it + a 5 DSit + lt + hi + n it .
ë L û i ,t -1
ë L û it

(5)

This specification implies that the desired employment, L of firm i in period t (labor
demand) is dependent on lagged employment, unit costs of labor and capital, and
demand shocks. Employment is measured as the logarithm of labor. The unit cost of
labor is obtained by dividing total wages by total employment, whereas the unit cost of
capital is approximated by the logarithm of the capital stock, K.9 The demand shock is
measured as the logarithmic change in output. The coefficients lt and hi have the same
interpretations as in the benchmark investment model. In a similar manner as for capital
expenditures, the labor demand model is extended to incorporate the effects of
uncertainty, i.e., by initially including a measure of total uncertainty, and secondly, by
including measures of systematic and idiosyncratic uncertainty.

The empirical investigation in the current paper covers the time period 1987 –
2000. Several significant features have influenced the Finnish economy during this
particular time period, e.g., a severe economic recession during the years 1990 – 1994,
and the seizure of restricting foreign ownership in Finnish publicly traded firms in 1993.
Furthermore, incentive schemes linking managerial compensation to firm performance
has increased markedly in the latter part of the 1990s. Thus, one might suspect that
abnormal economic conditions on the one hand, and the introduction of a new era
regarding corporate governance might influence firm behavioral dynamics. Hence, the
empirical specifications are further extended by interacting all uncertainty measures
with a dummy variable that takes the value of 0 if the period corresponds to the subperiod 1987 – 1993, and 1 if the observation corresponds to the period 1994 – 2000.

9

The unit cost of labor W/L is included as current and as a one-year lag. This specification was found to be
suitable and is in line with existing empirical work, e.g., Addison and Teixeira (2001).

9
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This procedure allows for the analysis of whether there has been a structural shift in the
effect of uncertainty.10

C. Data Sources and Sample Selection
The employed data in the current paper consists of firm-level panel data collected
by the Research Institute of the Finnish Economy ETLA. More specifically, the utilized
data corresponds to the ETLA 2001-file for Finnish publicly traded firms on the main
list of HEX. The total sample covers the time period 1987 – 2000. The minimum
requirement is set at three annual observations, which implies that the panel is
unbalanced. The stock return data is obtained from two sources. For firms traded on the
main list of HEX, data is obtained from the database of the Swedish School of
Economics and Business Administration, and if firms have prior listings on the other
lists of HEX, the stock return data is obtained from DataStream. The data sources are
compatible, both consisting of firm total stock returns. A minimum requirement of 60
daily stock returns is chosen as the restriction for inclusion of annual firm observations.

Banks and insurance companies are excluded from the sample. In order to control
for mergers and large restructurings, observations with an absolute change in book value
of assets exceeding 30% are excluded from the sample. All uncertainty measures are
estimated according to firm accounting periods. Furthermore, an accounting period
range of 10 to 14 months is set as a restriction for valid annual firm observations. The
aforementioned restrictions result in a sample of 57 firms, with a total of 450 annual
observations.

10

It should be noticed that the basic specifications incorporate time fixed effects in order to capture any
macroeconomic events specific to any given year. However, in the extended case we are considering
differences in uncertainty effects between the sub-periods 1987 – 1993 and 1994 – 2000.
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III. Estimation Results
Table I provides descriptive statistics for the sample. Inspection of table I reveals
that investment to capital ratios exhibit a relatively high degree of dispersion, with a
mean value of 0.252, and minimum and maximum values of 0.005 and 0.827,
respectively. Firm labor growth shows a mean value of 0.020, with corresponding
minimum and maximum values of –0.419 and 0.855. Furthermore, the figures
describing labor- and capital stock reveal substantial differences in magnitude between
firms. Regarding the proxy variables for uncertainty, the mean values for total,
systematic, and idiosyncratic uncertainty correspond to 0.175, 0.052, and 0.373,
respectively.

Table I
Descriptive Statistics of the Variables
Descriptive statistics for the employed variables in the sample. The sample covers the time period 1987 –
2000, and consists of 57 Finnish firms. Labor stock is defined in physical units, whereas the capital stock is
specified in monetary units (mFIM). Total uncertainty is specified as the unlevered annualized standard
deviation of firm stock returns. Systematic uncertainty corresponds to the unlevered beta coefficient of the
firm multiplied with the annualized standard deviation of market returns. Idiosyncratic uncertainty is
estimated as the square root of the sum of squared residuals, when firm stock returns have been filtered
through a market-index model.
Variable

Mean

Median

Std. Dev.

Minimum

Maximum

Obs.

Investment to capital

I/K

0.252

0.223

0.150

0.005

0.827

450

Output to capital

Y/K

3.404

2.561

2.759

0.593

20.304

450

Tobin's Q

Q

3.831

2.646

3.365

0.726

25.294

450

Labor stock

L

6 657

3 980

7 442

219

41 800

450

Capital stock

K

2 801

1 243

5 324

15

50 197

450

Labor growth

DL
W/L

0.020

0.016

0.143

-0.419

0.855

450

0.185

0.182

0.049

0.070

0.342

450

DY
s it
bit s mt
s eit

0.077

0.068

0.135

-0.389

0.851

450

0.175

0.155

0.098

0.022

0.711

450

0.052

0.043

0.049

-0.025

0.387

450

0.373

0.337

0.154

0.128

1.129

450

Wages to labor
Output growth
Total uncertainty
Systematic uncertainty
Idiosyncratic uncertainty

Table II presents the results from the initial part of the empirical analysis, i.e., the
effect of uncertainty on capital expenditures. Estimation uses DPD for Ox (see Doornik,
Arellano, and Bond (2001)). All GMM estimations are performed in first-differenced
form in order to eliminate firm fixed effects. Transformation, taking lags, and
instrumentation reduce the original sample of 450 annual observations to 305
observations. The table reports estimation results for models (I) – (V), where model (I)
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corresponds to the benchmark Q theory model of investment, excluding proxy variables
for uncertainty. Models (II) and (IV) correspond to specifications incorporating the
effects of total uncertainty, and systematic and idiosyncratic uncertainty, respectively.
Finally, models (III) and (V) are extended specifications, where the uncertainty
variables have been interacted with multiplicative dummy variables allowing for
distinction between the sub-periods 1987 – 1993 and 1994 – 2000. The chosen GMM
estimation procedure allows all lagged values of regressors dated t-s for s ³ 2 to be used
as valid instruments. However, using the whole history of the series as instruments has
often been found to be problematic in small samples, and may result in over-fitting
biases. Thus, in the current setting, the instrument set in all specifications consists of the
second lagged level up to a maximum of the seventh lagged level of all right-hand side
(RHS) variables, and additionally of the logarithm of total assets. Inspection of the
diagnostic tests reveal that the chosen models seem to perform well, in all specifications
the Wald test statistic (joint) shows that the null hypothesis that the chosen independent
variables have no effect on the dependent variable is safely rejected. This is also the case
for the Wald test statistic regarding the chosen dummy variables, where the null
hypothesis of no association, likewise, is safely rejected. Furthermore, the Sargan test of
instrument validity cannot reject the null hypothesis that the chosen instrument set is
valid and the models are correctly specified. Finally, the AR (2) test for second order
autocorrelation shows that the null hypothesis of lacking second order autocorrelation
cannot be rejected in any of the specifications.11

11

The lack of second order autocorrelation in the residuals is essential for the GMM-estimator to be
consistent (Doornik, Arellano, and Bond (2001)).
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0.166***
(0.004)
0.191***
(0.001)
0.191***
(0.001)
0.176***
(0.002)
0.152**
(0.010)
Wald (joint)
25.570***
(0.000)
42.470***
(0.000)
44.450***
(0.000)
45.020***
(0.000)
59.560***
(0.000)

II

III

IV

V

Diagnostic tests

I

II

III

IV

V

( K )i,t -1

DI
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0.014**
(0.038)

0.015**
(0.028)

0.017**
(0.013)

0.017**
(0.012)

0.014**
(0.012)

DQi ,t -1

43.820***
(0.000)

52.670***
(0.000)

36.640***
(0.000)

39.920***
(0.000)

41.230***
(0.000)

311.200
(0.820)

314.500
(0.805)

290.800
(0.316)

292.400
(0.307)

249.000
(0.130)

Wald (dummy) Sargan

0.018**
(0.011)

0.018**
(0.020)

0.016**
(0.038)

0.016**
(0.036)

0.018**
(0.044)

( K )i,t -1

DY

Independent variables

I

DI

( K )it

Dependent variable

-1.095
(0.274)

-1.045
(0.296)

-1.008
(0.314)

-1.009
(0.313)

-0.962
(0.336)

AR (2)

-0.064
(0.722)

-0.037
(0.751)

Ds it

305

305

305

305

305

Obs.

0.031
(0.954)

0.256
(0.329)

Db its mt

-0.080
(0.214)

-0.126**
(0.021)

Ds eit

0.034
(0.847)

DDs it

0.359
(0.497)

DDb its mt

-0.158**
(0.012)

DDs eit

The table reports 1-step estimation results using robust standard errors, two-tailed p-values in parentheses. All specifications include a full set of time
dummies. The diagnostic tests include the Wald statistic (joint), where the null hypothesis states that the chosen independent variables have no effect on
the dependent variable. The null hypothesis for the Wald statistic (dummy) is that the chosen dummy variables have no explanatory power in the
estimation. The Sargan test statistic is employed in order to analyze the validity of the chosen instrument set. The null hypothesis for the Sargan test is that
the instrument set is valid, and that the model is correctly specified. AR (2) is a test for second order autocorrelation. The null hypothesis states no
autocorrelation for the error term, in which case the test statistic is asymptotically normally distributed. The uncertainty variables s it , bits mt , and s eit
are interacted in models (III) and (V) with a dummy variable D, which takes on a value of 0 if the observation corresponds to the period 1987 – 1993, and
1 if the observation corresponds to the period 1994 – 2000.

Table II
Estimation Results for Capital Expenditures
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Inspection of the parameter estimates of the benchmark specification (I) reveals
that all coefficient estimates show the expected signs and are significant on a minimum
of 5%. Thus, in line with previous research, it seems as if a Q theory model seems to
explain firms’ investment rates quite efficiently. Furthermore, the dynamic specification
incorporating the lagged dependent variable seems to be appropriate, which has been
proven valid in numerous previous studies. Models (II) and (III) incorporate the effect of
total uncertainty on capital expenditures. The parameter estimate for total uncertainty in
model (II) is negative, however, not significant on any conventional levels. Furthermore,
the estimate of the interaction dummy variable in model (III) does not reveal any signs
of a structural shift regarding this effect. Models (IV) and (V) include the effect of
systematic and idiosyncratic uncertainty. Somewhat surprisingly, the coefficient
estimate of systematic uncertainty is positive, although not significant. On the contrary,
the coefficient of idiosyncratic uncertainty is negative, and statistically significant on a
5% level. Examination of the results from specification (V) provides more insight to this
result, i.e., the coefficient estimate corresponding to the sub-period 1987 – 1993 is
insignificantly different from zero. However, the interaction dummy variable is negative
and significant on a 5% level. Hence, the results imply a structural shift regarding this
effect. Furthermore, the deduced coefficient of idiosyncratic uncertainty for the subperiod 1994 – 2000 corresponds to –0.238 (–0.080–0.158), which is statistically
significant on a 1% level.12

Table III presents the results for labor demand. The table reports estimation
results for specifications (I) – (V), which are constructed in an identical manner as for
capital expenditures. The instrument set in all specifications consists of the second
lagged level up to a maximum of the third lagged level of all RHS variables. Inspection
of the diagnostic tests reveal a similar picture as in table II, i.e., the Wald test statistics
(joint and dummy) safely reject the null hypotheses of lacking association between the
dependent and independent variables, and invalid dummy variables, respectively.
Furthermore, the Sargan and AR (2) tests cannot reject the null hypotheses of instrument
validity, and lack of second order autocorrelation in residuals, respectively. Inspection
of the benchmark specification, model (I), reveals that the estimated coefficients are in

12

The t-statistic for the linear restriction test under the null hypothesis that the coefficient estimate for the
sub-period 1987 – 1993 added with the estimated difference in slope coefficients is zero, corresponds to –
3.99.
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line with previous empirical work regarding labor demand. It is interesting to notice that
the coefficient estimates for the unit cost of labor are highly significant both as a current
and a one-year lag. Furthermore, the proxy variable for the unit cost of capital is positive
and significant on a 5% level. Finally, the coefficient estimate for demand shock is
positive and highly significant. Models (II) and (III) extend the benchmark specification
by incorporating the effect of total uncertainty. The estimated coefficient of total
uncertainty in specification (II) is negative and significant on a 10% level. Inspection of
specification (III) implies that there is no statistically significant structural shift
regarding this effect between the two sub-periods. Specification (IV) incorporates the
effects of systematic and idiosyncratic uncertainty. Both coefficient estimates are
negative, however, not significant on any conventional levels. Finally, examination of
the estimated coefficients of specification (V) reveals no evidence of a structural shift
regarding the effects of systematic and idiosyncratic uncertainty between the subperiods.
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0.796***
(0.000)
Wald (joint)
726.300***
(0.000)
882.700***
(0.000)
940.100***
(0.000)
1165.000*** 145.100***
(0.000)
(0.000)
1236.000*** 87.330***
(0.000)
(0.000)

V

Diagnostic tests

I

II

III

IV

V

2.253***
(0.001)

2.257***
(0.001)

2.560***
(0.000)

2.541***
(0.000)

2.724***
(0.001)

i ,t -1

( L)

DW

86.030***
(0.000)

111.800***
(0.000)

124.800***
(0.000)

110.000
(0.886)

111.700
(0.887)

94.940
(0.811)

95.680
(0.815)

77.780
(0.750)

Wald (dummy) Sargan

-2.860***
(0.000)

-2.946***
(0.000)

0.801***
(0.000)

-3.030***
(0.000)

-3.080***
(0.000)

IV

0.817***
(0.000)

II

-3.089***
(0.000)

0.814***
(0.000)

0.800***
(0.000)

I

it

( L)

DW

III

DLi,t -1

Independent variables

DLit

Dependent variable

1.523
(0.128)

1.539
(0.124)

1.279
(0.201)

1.312
(0.190)

1.468
(0.142)

AR (2)

0.145***
(0.005)

0.143***
(0.006)

0.119**
(0.025)

0.119**
(0.026)

0.112**
(0.048)

DK it

305

305

305

305

305

Obs.

0.433***
(0.000)

0.438***
(0.000)

0.503***
(0.000)

0.510***
(0.000)

0.438***
(0.000)

DDSit

-0.344**
(0.049)

-0.247*
(0.085)

Ds it

-0.653
(0.202)

-0.437
(0.246)

Db its mt

-0.036
(0.545)

-0.041
(0.419)

Ds eit

0.135
(0.447)

DDs it

0.255
(0.600)

DDb it s mt

-0.0347
(0.625)

DDs eit

The table reports 1-step estimation results using robust standard errors, two-tailed p-values in parentheses. All specifications include a full set of time
dummies. The diagnostic tests include the Wald statistic (joint), where the null hypothesis states that the chosen independent variables have no effect on
the dependent variable. The null hypothesis for the Wald statistic (dummy) is that the chosen dummy variables have no explanatory power in the
estimation. The Sargan test statistic is employed in order to analyze the validity of the chosen instrument set. The null hypothesis for the Sargan test is that
the instrument set is valid, and that the model is correctly specified. AR (2) is a test for second order autocorrelation. The null hypothesis states no
autocorrelation for the error term, in which case the test statistic is asymptotically normally distributed. The uncertainty variables s it , bits mt , and s eit
are interacted in models (III) and (V) with a dummy variable D, which takes on a value of 0 if the observation corresponds to the period 1987 – 1993, and
1 if the observation corresponds to the period 1994 – 2000.

Table III
Estimation Results for Labor Demand
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IV. Summary and Conclusions
This paper analyzes the effect of uncertainty on firm-level capital expenditures
and labor demand based on a sample of Finnish firms during the time period 1987 –
2000. The empirical results in the current paper reveal that idiosyncratic uncertainty
significantly depresses firm-level capital expenditures. This effect is present after
controlling for the firm’s investment opportunities by Tobin’s Q, the firm’s output to
capital ratio, and dynamic adjustment in capital expenditures. However, it seems as if
this effect is concentrated to the latter part of the investigation period, i.e., 1994 – 2000.
The results fail to find any significant relationship between firm-level capital
expenditures and the effects of total and systematic uncertainty. In the case of labor
demand, I find a modest negative effect of total uncertainty on labor demand. This effect
is present after controlling for unit costs of labor and capital, demand shocks, and
dynamic labor adjustment of the firm. Systematic and idiosyncratic uncertainty does not
affect the desired employment level of the firm.

The finding that idiosyncratic uncertainty tends to reduce firm capital
expenditures is interesting both from a theoretical and empirical perspective. The results
of Henley et al. (2000) revealed that idiosyncratic uncertainty tends to increase firm
investment. This result was explained based on two propositions, namely, the HartmanAbel effect, and alternatively, on the basis of a dominating put option effect to resell
capital in the future.13 On the other hand, Bulan (2001) found that idiosyncratic
uncertainty depresses firm investment, which thus, corroborates the results in the current
paper. However, another explanation for the fact that idiosyncratic uncertainty tends to
reduce capital expenditures may arise from managerial risk-preferences. Consider the
case when a risk-averse manager’s compensation is closely tied to the performance of
the firm. If a substantial part of the manager’s wealth is linked to the equity of the firm,
then this implies that the manager is exposed to idiosyncratic risk. Hence, this might
imply that the manager will require a higher rate of return on firm investment than what
is dictated by capital markets.14 The implication of this scenario is that the manager
might forego profitable investment opportunities that would increase the risk of the firm,
and thus, greater idiosyncratic uncertainty would tend to lower investment. This
13

Henley et al. (2000) argue that a dominating put option effect in the case of idiosyncratic uncertainty is
consistent with the suggestion that increased idiosyncratic uncertainty does not depress the resale value of
capital whereas increased aggregate uncertainty does.
14
See e.g. Himmelberg, Hubbard, and Love (2001).
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argument might to some extent help to explain the empirical results in the current paper,
i.e., the fact that the depressing effect of idiosyncratic uncertainty on capital
expenditures is concentrated to the latter part of the 1990s (1994 – 2000). As mentioned
earlier, the latter part of the 1990s can be characterized as a new era of corporate
governance in Finland, with the seizure of restricting foreign ownership in Finnish
publicly traded firms, and by the rapid expansion of incentive schemes linking
managerial compensation to firm performance. Hence, if one assumes that this evolution
has caused managerial wealth to be more exposed to the firm’s equity, then the
explanation pertaining to managerial risk-preferences, i.e., that greater idiosyncratic
depresses firm investment, seems plausible.

The finding that uncertainty reduces labor demand is interesting, albeit the
relationship is only of modest strength. Thus, it seems as if firms respond to an increase
in uncertainty about the future by reducing the desired level of employment. This
finding is obviously an interesting complement to previous studies regarding labor
adjustment dynamics. Indeed, this result implies that the effect of uncertainty on factor
demand should not solely be examined from a single factor perspective. Finally,
evidence regarding behavioral dynamics of micro-economic entities has clear
importance from a macro-economic policy perspective.
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Appendix A
This section describes the specifications of the employed variables. Firm
accounting data is obtained from the Research Institute of the Finnish Economy ETLA
2001-file for Finnish publicly traded firms on the main list of HEX. All variables are
measured in nominal terms, except where noted. In the following description, the
subscript i is dropped for convenience.

Investment: It is reported gross investment in fixed assets during the accounting period.

Output: Yt is the reported total sales during the accounting period.

Capital stock: Kt is specified as the replacement value of the capital stock, calculated
using a perpetual inventory method, see Whited (1992) for details. Starting with the
book value of gross plant, property, and equipment for the firm in the first year as a
proxy for the replacement value of the capital stock, I estimate Kt as follows:

é
ùæ
æ P ö
2 ö
K t = ê Kt -1çç t ÷÷ + I t úç1 ÷,
è Pt -1 ø
ëê
ûúè ULC ø

(A.1)

where Pt corresponds to the price deflator for fixed investment (Kansantalouden
Tilinpito, sarja: Tukkuhintaindeksi, Investointitavarat, 1995 = 100). ULC corresponds to
the average of ULCt , i.e., the useful life of capital goods. The second term in (A.1)
represents the amount of the capital stock that depreciates in each period, and is based
on the assumption that economic depreciation is double declining balance. The useful
life of capital goods in any period is calculated as follows:

ULCt =

GK t -1 + I t
DEPRt

,

(A.2)

where GK t -1 is the reported value of gross plant, property, and equipment, and where
DEPRt

corresponds to capital depreciation.
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Tobin’s Q: the relationship between the market value of the capital stock and the
replacement cost is calculated as follows:

Qt =

Et + Dt
Kt

,

(A.3)

where Et + Dt represents the market value of the capital stock. This specification relies
on the assumption that the market value of Dt is equal to its book value.

Market value of equity: Et is specified as the total market capitalization of the firm. This
data is obtained from KOP Pörssiyhtiöt manuals and Kauppalehti databases.

Total debt: Dt is specified as the reported sum of short- and long-term debt.

Labor stock: Lt corresponds to average number of employees during the firm’s
accounting period.

Wages: Wt is specified as total labor costs during the firm’s accounting period.
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This section contains the
’table of contents’ for the
storyline.
The complete storyline is
built from smaller sections
or chapters. The chapters
are presented in the table
of contents and can be
opened in the window to
the rigth by clicking on the
[View] link.
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The chapter headline can
also contain links that opens
up ’live’ folders. The folders
are continously updated by
the agent. If there are any
new documents in the a
folder then the color of the
link is red instead of green.
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The documents that are
found by the agenti are
presented in the window
below the chapters. The
chapter written is made up
from the information found
in the documents. New
documents can show that
the information in the
chapter needs updating. The
storyline is therefore alive
and changes as the agent
finds new information.
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The documents found by the
agent can be read by clicking
on the folder link.
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The user can then read the
retrieved documents by
clicking on the headline.
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If new information is
found by the agent, this
can force the storywriter to
change the chapter. The
writer can do the changes
on his/her own machine
with Word. The new
content can then be
updated on the server by
clicking the [Edit] link.
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The storywriter keeps a local copy of the chapter on his/her machine where Word can
be used for editing. The complete storyline is built from chapters and every chapter is a
separate document (1.1.doc in our example). The storyline writer can also link all the
chapters into one word large document and easily access the complete storyline.

8.5.2002
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The user/writer can edit
the chapter by clicking
on the [Edit] link.

8.5.2002
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1. The name can be changed by editing the Name: field.
2. The linking of folders is done by selecting the folder to link to and then clicking on the [Add link] button.
After the button is pressed a ’<link folderid=xxxx>folder name</link>’ entry is added to the name field.
3. The headline can also be moved to another chapter if the storywriter notices that the chapter is better suited
in another part of the storyline.
4. The user can select the edited document (1.1.doc) by pressing the [Browse] button and then upload it to the
server by pressing the [Upload] button.
When the storywriter is satisfied with the changes he/she can store them by pressing the [Update] button.
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Actions available to the
storywriter:
[View] = Show the content
of the chapter.
[Remove] = Remove the
chapter and the connected
document.
[Add] = Add a new chapter
and connect a document
(and possible folders) to the
chapter.

8.5.2002

Agentum Technologies Inc. - Svante Olofsson

Adding of a chapter opens up the same dialog box as the [Edit] link did. The name of the
new chapter is entered into the name field together with links to agent folders.
Next step is to choose the place for the new chapter. The chapter is linked to the correct place in
the storyline by selecting the element the new chapter should belong to. The number of the chapter
is set by selecting the order (one is the first and two is the second, etc...) of the new chapter under
the element.
The last step is to add the document that contains the chapter content. This is done by selecting the
file to upload with the [Browse] button and then sending it to the server with the [Upload] button.
When the above is done a [Add] button will appear and the chapter added when it is pressed.
8.5.2002

Agentum Technologies Inc. - Svante Olofsson

238

Proceedings of the International Real Option Workshop 2002, Turku, Finland

The [Files] link gives access to
the shared user files. Documents,
presentations and other material
that could be useful for others can
be stored here.
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The files that are shared between the users are presented as the above example. Only the owner of the file can
remove it. The files can be opened directly in Explorer by clicking on the filenameit. There is also a [Download]
link that should be used for large files and slow connections (modems). The [Download] link compresses
the file as a zip file before it is downloaded.
A user can add a file by clicking on the [Add new file] link. A short description can be added so that the other
users get a better idea what the file contains.
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ABSTRACT

This paper presents a heuristic method for dynamically including external (trend)
information to pricing real options with a fuzzy presentation of the Black and Scholes
option pricing formula. The method manipulates the tails of trapezoidal fuzzy cash
flow estimates to incorporate trend information into capital budgeting with fuzzy cash
flows.
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INTRODUCTION
Capital budgeting for investments with a long economic life is difficult for a number
of reasons. The further into the future the cash flows expand the more difficult it is to
assess them accurately. Information about the future is harder to obtain, and more
difficult to integrate to plans, because information from far away in the future will
most probably be in qualitative rather then quantitative form. When the economic life
of an investment is long, also managerial performance becomes an important issue,
managerial flexibility to steer the investment will certainly have a value.
Flexibility in capital budgeting is an issue that has been talked about a lot in the last
few years, and real options have established their position as a way to assess the value
of managerial flexibility. The valuation of real options is based on the option pricing
models originally created for pricing of financial options. Commonly two methods are
used, the binomial option pricing formula and the Black and Scholes option pricing
formula created by Black and Scholes (1973), and further modified by Merton (1973).
Real options is a term first introduced in Myers (1977) article. The focus of research
on real options has been shifting from general presentations about managerial
flexibility, Trigeorgis and Mason (1987), Kulatilaka and Marks (1988), and Sick
(1989), and general theory of real options, Trigeorgis (1988), Triantis and Hodder
(1990), and Dixit and Pindyck (1994) to exploring advanced issues in the valuation of
real options, Trigeorgis ed. (1995) and Alvarez and Stenbacka (2000), and
consideration about practical issues of real option pricing, Triantis (1999), Amram
and Kulatilaka (1999), and Copeland and Antikarov (2001).
Because valuation of real options is valuing contingent uncertain outcomes in the
future, issues that have to do with information about the future should also be
included in the valuation process. Obtaining managerial information by looking at the
environment is commonly called environmental scanning. A book by Aguilar (1967)
presents the theoretical basis for the information needs of a manager. Modern
information technology enables the environmental scanning to be made effectively
because of the information explosion (high availability of relevant information) and
sophisticated tools to extract information, Zeleny ed. (2000) and Liu (2000). As
already discussed earlier, the information about future events is often in qualitative
form, thus it is important to be able to use the qualitative information in the capital
budgeting process. Integrating qualitative information to financial calculations has
been discussed, for example, in Hamscher, Kiang, and Lang (1995), Alpar and Dilger
(1995), Benaroch and Dhar (1995), and Feelders and Daniels (2001).
Because expected values of future cash flows are difficult to assess, especially in
connection with investments with a long economic life, presenting them with a single
number and with probability theory is in many cases unrealistic. A better, and more
sophisticated approach is to estimate the expected cash flows by fuzzy numbers, and
with possibility theory. Fuzzy sets, introduced by Zadeh (1965) and possibility theory
have been applied to capital budgeting by Buckley (1987), Li Calzi (1990), Carlsson
and Fullér (1999), Kuchta (2000), and Kahraman, Ruan and Tolga (forthcoming).
Inclusion of qualitative information into bank operations with fuzzy constraints has
been presented in Gardin, Power, and Martinelli (1995).
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Fuzzy presentation of option pricing in connection with the binomial option valuation
formula is presented in Muzzioli and Torricelli (2000), and in Muzzioli and Torricelli
(2001). Fuzzy real option valuation has been presented in Carlsson and Fullér
(2000A) and in Carlsson and Fullér (2000B). Carlsson, Fullér, and Majlender (2001)
have examined capital project selection with fuzzy real options.
The contribution of this paper is to present a method of integrating qualitative future
information into capital budgeting that can be used in a fuzzy version of Black and
Scholes real option model. The method incorporates fuzzified estimates of expected
revenues and costs, with the possibility to include external (e.g. trend) information
dynamically into the estimates. The inclusion of external information is achieved by
introducing a heuristic method to adjust the fuzzy representations of the cash flow
estimates (the trapezoidal fuzzy numbers) according to the information.
The composition of this paper is the following. Firstly, the fields of study that the
method is based on are shortly introduced. Secondly, the method is presented.
Thirdly, the presented method is discussed and propositions for future studies on the
subject shortly elaborated. Finally, the ideas presented are summed up.

THE METHOD
The method is devised to facilitate inclusion of (external) trend information into a
series of fuzzy cash flow estimates used in capital budgeting. The idea behind the
method is that trends can be modelled by changing the shape of the trapezoidal fuzzy
numbers that represent the cash flow estimates. For a graphical definition of the
trapezoidal fuzzy numbers see figure 1 below.
Figure 1. definition of the fuzzy cash flow estimates

D

a

b
a

U

b

To be able to manipulate the trapezoidal fuzzy numbers under all circumstances we
use an unorthodox heuristic method and simply consider the tails of the fuzzy sets. To
manipulate the tails we simply detach them from the core, then manipulate them
according to the trend information, and finally re-attach them to the core. The tails of
the trapezoidal fuzzy numbers are called a and b and their size (length) is defined by:
Size (length) of a = a – D
Size (length) of b = U - b
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In order to consistently model trends we need to have rules according to which the
tails are adjusted. We need to know the size of the tails and how the size should be
distributed between them.
The method is based on the assumption that when a trend is positive it can be
modelled by adjusting the right tail (b) of a trapezoidal fuzzy number towards the
right (positive) to capture the positive change. At the same time, however, the left tail
(a) will be adjusted as well, because we assume that if the possibility of a positive
outcome grows, then at the same time the possibility of a negative outcome declines.
The inverse applies for a negative trend. If the trend is neutral (or the trend is not
known) then the tails are of an equal size.
To determine the relation of the size of the tails our method uses a system of first
dividing the total length of the tails (a + b) into n equally large units and then
distributing all the units between the tails according to the effect of the trend. This
means that the number of units represents a number of degrees the effect of a trend
can have. The larger the number of units the more accurate the modelling of the trends
can be.
The above means that:
a < b for a positive trend
a > b for a negative trend
a = b for static trend or for when trend not known
and that:
a + b = n, where n ³ 0
To define the size of the tails we use the average of the extreme values of the core
(average of a and b) as a proxy for the size of the tails. We have selected the average
of a and b, because we feel that it links the size of the tails to the size of the core in a
good proportionate way. However, any other value from between a and b can be used
as well. An exogenous value is also possible, for example, a value derived from the
volatility of the stream of cash flow estimates. We apply the relation between the
sizes of the tails as a percentage of the number of units allocated to each tail of the
total number of units (n):
To define the maximum value for the downside (D) we use:
D=a-

na a + b
*
n
2

where na is the number of units allocated to a-tail
To define the maximum value for the upside (U) we use:
U =b+

nb
n

*

a+b
2
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where nb is the number of units allocated to b-tail
With the operations described above we can define the tails of a trapezoidal fuzzy
number to represent the effect of trends. By re-attaching the tails to the core we have a
trend adjusted trapezoidal fuzzy cash flow estimate. As trend information changes the
operation may be performed again to reflect the latest information, making the
method allow dynamic trend adjusted fuzzy pricing of real options.
DISCUSSION
Investments that have a long economic life are sensitive to changes in the market
factors, therefore, it makes sense to include the effects of the changes in the
calculations as soon as they are known. However, making changes is not a very easy
task in a situation where the planning and market-analysis are separated. This is to
say, that the people who plan investments are not the same people who will have the
information about the changes of trends in the future. Also, if the economic life of an
investment is very long, then the original planners are most probably no longer
available to explain the original plans. This also means that the people who have the
information about the changes in trends are people, who may not know the technical
background of the plans, and, therefore, the adjusting of cash flow estimates is made
more difficult. We dare to suppose that the core of the fuzzy cash flow estimates
includes most of the technical variability of the project, which would suggest that it is
rather safe for market analysts to adjust the tails of the estimates. The point made
above is not trivial, because it overcomes some of the problems with separation of
operational management and strategic planning of investments.
Information about the future often comes in the form of qualitative rather than in a
quantitative form, qualitative information should be included if possible. As the
method includes a system of degrees to model the effect of the trends it makes
possible the inclusion of qualitative information. The effect of a trend needs to be
assessed by an expert, for example, a market-analyst, who will assign the degree of
effect of the trend. As intelligent agents evolve it will be possible to automate the
process of adjusting the fuzzy cash flow estimates automatically. This is an interesting
prospective and certainly worth further study.
SUMMARY
This paper has presented a method to include trend information to capital budgeting
by way of adjusting the tails of trapezoidal fuzzy cash flow estimates. The cash flows
can further be used in fuzzy real option valuation.
The method escapes some problems of temporal and physical separation of planning
and market analysis and offers a simple and straightforward way to including both
qualitative and quantitative data into capital budgeting. The method suits large
investments with a long economic life.
The paper suggests the following type of approach to include trend information into
capital budgeting:
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1. Analysis of market information to find trends
2. Assigning the trend a degree according to the selected degree system
3. Adjustment of the trapezoidal fuzzy number according to the method
4. Using the adjusted fuzzy numbers in capital budgeting (real option pricing)
A software platform using the method presented in this paper is under construction by
the authors.
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Large Investments
• Strategic importance
• Long life cycle
• Risks and potentials unknown at the
beginning
• The nature of the venture may change
during its life.
– end product market, even the technology base,
can probably change several times

Real Option Valuation for
Investment Decision Making (1)
• Real Option Valuation Approach:
– Throughout a project’s life cycle, managers can
make a series of ”scale-up or not” evaluation and
decisions similar to the multiphase reviews at
most venture capital firms (Dahlberg and Porter,
2000).

– By phasing the projects, every step in a project
opens or closes the possibility for further
options. Creating options can buy time to think
and gain information to decide for the next move
(Collan, Carlsson and Majlender, 2002) .
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Real Option Valuation for
Investment Decision Making (2)
• Real Option Valuation Approach:
– On-going learning about the risks and potentials
of a new venture over time; adaption of actions.
– Considers future uncertainty and express it in
terms of alternative options that are evaluated by
the anticipated benefits or potential payoffs rather
than the risks. (Dahlberg and Porter, 2000).

Real Option Valuation Approach:
A Process View
• Real Option Valuation is a repeated process of:
– Identifying options (the multiple paths to success) in light
of newly accessed information: develop the decision trees
at different project stage
– Evaluating the options: quantitative and qualitative analysis
of the value of the options (computing the decision tree)
– Selecting the options: ranking of or voting for real options
based on the valuation (find the critical / optimal path)
– Executing the immediate option and start the next round
ROV process
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The Need for Decision Support
Technology
• Investment management as a project review process
in which ongoing evaluation effort is structured
around key decision points, or triggered by changes
in the business environment.
• The valuation process, even the computing process,
are not intended to provide a definite answer but
rather to provide decision makers an on going
dialogue about the project. (Dahlberg and Porter, 2000).
• This requires several things:

The Need for Decision Support
Technology
• up-to-date project status information readily
available to decision makers;
• up-to-date market information or industry foresights
(current events or trends) be made aware to decision
makers constantly and be integrated into the various
phases of a ROV process;
• option analysis and evaluation be done periodically
or event-triggered, applying advanced option
valuation methods;
• analytical results be explained using easily
understandable business terms
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Intelligent Agents
• Central to the notion of software agents are the
automation of work and the automation of computer
usage.
• Software agents are computational programs that:
– inhabit in a computing environment
– act on behalf of users to accomplish delegated tasks
– decide own course of actions dynamically while
responding to the environment (Maes, 1994; Wooldridge and
Jennings, 1995)

Characteristics of Software Agents
• Situatedness: receives sensory input from its
environment and perform actions that change the
environment in certain ways (reactive and responsive)
• autonomous: able to take initiative, to solve problem
without direct intervention and constant guidance from
the user
• adaptive and intelligent: to customize its assistance and
service according to what it learns about the user; to
improve its performance based on previous experience
• proactive support and service
• work in background, serve round-clock
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Software Agents vs
Traditional Computing Programs
• Computing programs traditionally depend on users
to use them. They usually remain dormant until
specifically called by user instructions.
• Software agents do not rely on users’ explicit
action to be activated and directed step by step.
Agents make it possible for the programs to work
independent of users’ presence and instructions.
• Agents can deliver customized, user-wanted
information and service to the user.
• Agents can interact with user and with each other.

Benefits from Agent Applications
• An alternative interfacing approach
– Ask-and-Delegate vs Direct Manipulation
– saves decision makers time and unnecessary system operating efforts.
– Task and responsibility delegation support user mobility;

• Encourages user empowerment, bypass intermediaries
between the application and end user, thus eliminate delay in
the process and free up human resources.
• Proactive information delivery.
• Agent approach offers an alternative abstraction means used
to manage complexity, and to conceptualize, design,
implement complex systems or IS applications.
• Flexible system to meet changing requirements
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Intelligent Agent Supported
Real Option Valuation: A Framework
• Support components for ROV process:
–
–
–
–

Scanning Agent: support the data collection process
Interpretation Agent: support data pre-analysis
Option Generator: help to identify and generate options
Option Valuator and Selector: help to calculate option
values using selected valuation methods
– Project Reviewer: document the project history and
current status: events, milestones, accumulated
knowledge, etc.

Intelligent Agent Supported
Real Option Valuation: A Framework
Interpretation
Agent

Scanning
Agent
Intermediate
Database

Option Valuator
and Selector

Web
External Data
Sources

Real Option
Generator

Project
Information
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Human Scanning Activities
• Tend to be intuitive and fragmented; difficult
to be systematic;
• Continuous scanning activities are very time
consuming and cost a lot;
• However there is a need for information to be
updated constantly and in time.
• The speed of access to information is also
critical.

Scanning Agent
• Data collection: retrieval with filtering, informing
• Agent Server
– Watch selected data sources for new information and retrieves only
relevant information, which is specified by a user profile defined
by a set of factors.
– Transform the collected information from different data sources
into a consistent format and store the information in a intermediate
data storage.
– Allows commenting (on articles and reports) for later reviewing;
– Supports adding/removing of sources;

• Agent Client: interface, agent control and configuration
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Scanning Agent: Benefits
• Increase current awareness of what is happening
in the business environment, by advertising
incoming information and data are updated
automatically as often as necessary;
• Continuous and systematic scanning;
• Frequent updating
• Avoid manually-made mistakes;
• Manpower Saving.

Interpretation Agent
• The need for timely analysis and
interpretation of the collected data
• Agent Server
– Identify business events and trends
– Draw structured information from text
resources
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Interpretation Agent: Architecture
Triggering
Option Generator

Inference Engine

Intermediate
Database

Information on
identified
events, trends
Ontology
Base

Rule
Base

Option Generator
• Triggered by the Interpretation Agent or Project
Reviewer;
• Supported by pre-developed various types of
possible options stored in the Project Information
base;
• To generate a draft decision tree for a decision
maker to confirm or modify;
• Make the decision tree available to Option
Evaluator and Selctor
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Option Valuator and Selector
• Triggered by Option Generator or the user;
• Supported directly by project history and status
information;
• Supported by pre-developed valuation methods
embedded in it;
• Compute the option values.
• Rank and select among alternative options based
on user specified criteria.
• Add the new analytical results into project
information base and communicate the analytical
result in directly useful and understandable terms.

Project Reviewer
• Project Information Base
– Types of possible real options
•
•
•
•
•

option to invest
option to proceed
option to discontinue
option to wait
option to split

option to give up
option to abandon
option to postpone
option to modify

– Option objects
•
•
•
•

name, value, time to maturity
value lost over duration of the option
deciding factors
description
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Project Reviewer
• Sits in the Project Information base;
• Be awared of the last specified project
milestones and check the project status
periodically or on request.
• Alert on delays, problems, newly available
options, and so on.
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